
© 2000 by the author. Reproduction is permitted for noncommercial purposes.

Entropy 2000, 2, 70-77

entropy
ISSN 1099-4300

www.mdpi.org/entropy/

Simple Entropic Derivation of a Generalized Black-Scholes
Option Pricing Model

Michael J. Stutzer

Dept. of Finance, 108 PBAB, Univ. of Iowa, Iowa City, IA., USA

E-mail: michael-stutzer@uiowa.edu

Received: 19 January 2000 / Accepted: 24 March 2000 / Published: 4 April 2000
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1 A Simple B lack-Scholes Der ivation

Co n s id e r t h e fo llo win g d is c r e t e t im e a p p r o xim a t io n o f a s t o c h a s t ic p r o c e s s fo r a n a s s e t 's r a t e o f

r e t u r n o ve r p e r io d s o f le n g t h ¢ t:

¢ p

p
= ¹ ¢ t + ¾

p
¢ t¢ z ( 1 )

In ( 1 ) , t h e r a n d o m s h o c ks
p

¢ t¢ z » N ( 0 ; ¢ t ) o c c u r in d e p e n d e n t ly a t e a c h t im e s t e p , wh ic h in

t h e c o n t in u o u s t im e lim it ¢ t ! 0 p r o d u c e t h e in d e p e n d e n t s t a n d a r d W e in e r p r o c e s s in c r e m e n t s

o f t h a t c o n t in u o u s t im e p r o c e s s . In ( 1 ) , t h e m e a n r e t u r n is ¹¢ t a n d t h e r e t u r n va r ia n c e is ¾2 ¢ t,

a n d we c o m m e n s u r a t e ly a s s u m e t h a t t h e r is kle s s r a t e o f r e t u r n is r ¢ t.

N o w c o n s id e r t h e g e n e r a l p r o b le m o f p r ic in g a d e r iva t ive s e c u r it y in a d is c r e t e t im e e c o n o m y,

wh o s e p a yo ® a t s o m e t im e T ( ye a r s ) d e p e n d s s o le ly o n t h e p r ic e o f a s in g le u n d e r lyin g a s s e t , e .g .

a E u r o p e a n c a ll o p t io n o n a t r a d e d s t o c k. In t h e a b s e n c e o f a r b it r a g e o p p o r t u n it ie s c o n s t r u c t e d

b y fr ic t io n le s s t r a d in g o f t h e u n d e r lyin g a n d r is kle s s a s s e t s wit h c o m p le t e m a r ke t s , t h e p r ic e o f

a n y d e r iva t ive s e c u r it y wit h p a yo ® a t t im e T ( ye a r s ) will b e t h e r is kle s s ly d is c o u n t e d , e xp e c t e d

va lu e o f it s p a yo ® u n d e r a n equivalent martingale measure [1 8 ]. W h e n t h e u n d e r lyin g a s s e t 's

r e t u r n ¢ p=p is IID , a s in ( 1 ) , t h e d e n s it y o f t h e m a r t in g a le m e a s u r e is t h e [T=¢ t]-fo ld p r o d u c t o f

t h e conditional risk neutral density dQ=dP a t e a c h t r a d in g t im e , wh e r e t h e in t e g e r [T=¢ t] is t h e

n u m b e r o f t r a d in g p e r io d s t o e xp ir a t io n a n d P d e n o t e s t h e a c t u a l c o n d it io n a l r e t u r n d is t r ib u t io n .

Th e c o n d it io n a l r is k n e u t r a l d e n s it y dQ=dP m u s t s a t is fy t h e s o -c a lle d martingale restriction [2 2 ]:1

r ¢ t¡ E

"
¢ p

p

dQ

dP

#
= 0 ( 2 )

N o w c o n s id e r t h e relative entropy minimizing conditional risk neutral density s o lvin g t h e lin e a r

in ve r s e p r o b le m wit h c o n s t r a in t ( 2 ) , i.e .

a r g m in
dQ
dP

Z
lo g

dQ

dP
dQ s:t: ( 2 ) : ( 3 )

Th e s o lu t io n t o t h e lin e a r in ve r s e p r o b le m ( 3 ) is t h e fo llo win g Gibbs Canonical d e n s it y:

dQ

dP
=

eŵ ¢p
p

E
·
eŵ ¢p

p

¸ : ( 4 )

1The martingale restriction (2) may alternatively be written as the constraint that the risklessly discounted,

conditional risk neutral expected payo® of the underlying asset at s + ¢t must be its current price.
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wh e r e

ŵ = a r g m a x r ¢ tw ¡ lo g E
·
ew ¢p

p

¸
( 5 )

Fo r p r o o fs o f t h is we ll-kn o wn s o lu t io n ( 4 ) a n d ( 5 ) , s e e B e n -t a l [4 , s e c .3 ], B u c kle w [6 , p p .3 0 -3 2 ]

a n d Cs is z a r [8 , s e c .3 a ].

Th e fo llo win g p r o p o s it io n a p p lie s ( 3 ) t o t h e p r o b le m o f p r ic in g a c a ll o p t io n o n a n a s s e t wit h

r e t u r n p r o c e s s ( 1 ) wit h n o r m a lly d is t r ib u t e d s h o c ks .

P R OP OS ITION : W hen asset returns are generated by the IID process (1) with normally dis-

tributed shocks ¢ z
p

¢ t » N ( 0 ; ¢ t ) , the martingale (i.e product) density formed from the condi-

tional density (3) is that used to calculate the B lack-Scholes option pricing formula.

P R OOF OF P R OP OS ITION :

S u b s t it u t e ( 1 ) in t o ( 5 ) , a n d fa c t o r t h e ( n o n s t o c h a s t ic ) d r ift t e r m o u t o f t h e e xp e c t a t io n t o

o b t a in :

ŵ = a r g m a xw ( r ¡ ¹) ¢ t ¡ lo g E
h
ew¾

p
¢ t¢ z

i
( 6 )

B e c a u s e ¾
p

¢ t ¢ z » N ( 0 ; ¾2 ¢ t ) , t h e la t t e r t e r m in ( 6 ) is t h e lo g m o m e n t g e n e r a t in g fu n c t io n

o f t h is n o r m a lly d is t r ib u t e d r a n d o m va r ia b le . S u b s t it u t in g t h is qu a d r a t ic fu n c t io n o f w in t o ( 6 )

yie ld s

ŵ = a r g m a xw ( r ¡ ¹ ) ¢ t ¡ w2 ¾2

2
¢ t

wh o s e s o lu t io n is :

ŵ =
( r ¡ ¹)

¾2
( 7 )

S u b s t it u t in g ( 7 ) a n d ( 1 ) in t o ( 4 ) , n o t e t h a t t h e d r ift t e r m c a n c e ls , yie ld in g t h e r e la t ive e n t r o p y

m in im iz in g c o n d it io n a l r is k n e u t r a l d e n s it y:

dQ

dP
=

e¡¸
p

¢ t¢ z

EP [e¡¸
p

¢ t¢ z)]
( 8 )

wh e r e ¸ ´ ¹¡r
¾

, a n d t h e e xp e c t a t io n is t a ke n wit h r e s p e c t t o P » N ( 0 ; ¢ t) .

N o w t a ke t h e lo g a r it h m o f t h e [T=¢ t]-fo ld p r o d u c t o f t h e d e n s it y ( 8 ) , a n d s im p lify t o ¯ n d :

lo g
[T=¢ t]Y

s=1

dQ

dP
= ¡¸WT ¡ 1

2
¸2T ( 9 )

wh e r e WT » N ( 0 ; T ) . In a le n g t h y d e r iva t io n u s in g m a r t in g a le t h e o r y, D o t h a n [9 , p p .2 1 0 -2 1 4 ]

s h o ws t h a t ( 9 ) is t h e lo g o f t h e d e n s it y o f t h e e qu iva le n t m a r t in g a le m e a s u r e u s e d t o c o m p u t e t h e

B la c k-S c h o le s o p t io n p r ic in g fo r m u la a s a r is kle s s ly d is c o u n t e d e xp e c t e d p r e s e n t va lu e o f a c a ll

o p t io n 's p a yo ®.
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1 .1 E n t r o p ic Op t io n P r ic in g L it e r a t u r e R e vie w

Th e r e a r e m a n y o t h e r u s e s o f e n t r o p y in ¯ n a n c e a n d e c o n o m ic s . B e c a u s e t h is is a n o p t io n p r ic in g

p a p e r , t h is r e vie w will fo c u s o n e n t r o p ic r e a s o n in g a p p lie d t o o p t io n p r ic in g { a lit e r a t u r e t h a t

h a s d e ve lo p e d in s m a ll p o c ke t s wit h in ¯ n a n c e , a c t u a r ia l, o p e r a t io n s r e s e a r c h , m a t h e m a t ic s , a n d

s t a t is t ic s d e p a r t m e n t s t h a t a r e la r g e ly is o la t e d fr o m o n e a n o t h e r . Fr o m m y p e r s p e c t ive a s a

¯ n a n c e p r o fe s s o r , t h e n o ve lt y o f t h e a b o ve d e r iva t io n lie s in it s s t r a ig h t fo r wa r d u s e o f t h e p r o c e s s

p r o b a b ilit ie s fr o m ( 1 ) , wit h n o r m a lly d is t r ib u t e d s h o c ks , t o c o m p u t e t h e B la c k-S c h o le s m a r t in g a le

m e a s u r e a s t h e p r o d u c t o f t h e r e la t ive e n t r o p y m in im iz in g conditional r is k-n e u t r a l p r o b a b ilit ie s . A

1 9 9 4 p u b lic a t io n o f m in e ( S t u t z e r [2 6 ]) u s e d H u a H e 's [2 0 ] in c o m p le t e m a r ke t , d is c r e t e m u lt in o m ia l

r e p r e s e n t a t io n o f t h e lo g n o r m a l s t o c k p r ic e p r o c e s s , in s t e a d o f ( 1 ) . A s a r e s u lt , t h e B la c k-S c h o le s

m a r t in g a le m e a s u r e c o u ld o n ly b e d e r ive d a s a c o n t in u o u s t im e lim it o f t h e d is c r e t e -t im e p r o d u c t

m e a s u r e . Th a t p a p e r r e vie we d e a r lie r u s e s o f e n t r o p y in ¯ n a n c e a n d e c o n o m ic s , n o t in g t h a t

Co z z o lin o a n d Za h n e r [7 ] d e r ive d t h e lo g n o r m a l s t o c k p r ic e d is t r ib u t io n it s e lf, a s t h a t m a xim iz in g

S h a n n o n e n t r o p y a m o n g d is t r ib u t io n s wit h p r e s c r ib e d m e a n and va r ia n c e . U s in g t h is r e a s o n in g

a s p a r t o f h is P h .D d is s e r t a t io n , Gu lko [1 6 ] p r e s c r ib e d t h e r is kfr e e m e a n a n d t h e a c t u a l va r ia n c e

t o d e r ive t h e r is k-n e u t r a l lo g n o r m a l p r ic e d is t r ib u t io n u s e d b y m a n y, e .g . S t o ll a n d W h a le y [2 5 ,

Ch a p .1 1 ], t o d e r ive t h e B la c k-S c h o le s fo r m u la a s a r is kle s s ly d is c o u n t e d e xp e c t e d va lu e o f t h e

o p t io n 's p a yo ® a t e xp ir a t io n . A r e c e n t p u b lic a t io n b y Fr it e lli [1 4 ] d e r ive s t h e r e la t ive e n t r o p y

m in im iz in g m a r t in g a le m e a s u r e u n d e r in c o m p le t e m a r ke t s 2, a n d d e m o n s t r a t e s t h e c o n n e c t io n

b e t we e n it a n d m a xim iz a t io n o f e xp o n e n t ia l u t ilit y. Th is c o n n e c t io n wa s a ls o n o t e d b y S a m p e r i

[2 4 ]. In t h e r e la t e d c o n t e xt o f a r b it r a g e -fr e e , d is c r e t e t im e a s s e t p r ic in g m o d e l d ia g n o s t ic s , t h e

e xp o n e n t ia l u t ilit y c o n n e c t io n wa s e s t a b lis h e d e a r lie r b y S t u t z e r [2 7 , s e c .3 .2 .3 ].

P e r h a p s t h e b e s t e n t r o p ic d e r iva t io n s o f o t h e r o p t io n p r ic in g fo r m u la e a r e p r e s e n t e d in Ge r b e r

a n d S h iu [1 5 ] a n d in H e s t o n [2 1 ], wh ic h a p p lie s a s o m e wh a t b r o a d e r c la s s o f r is k-n e u t r a l t r a n s fo r -

m a t io n s t o a lt e r n a t ive p r ic e p r o c e s s e s . A p r ic e p r o c e s s -fr e e , e n t r o p ic m e t h o d o f o p t io n p r ic in g is

p r e s e n t e d in S t u t z e r [2 8 ], a p p lie d b y Zo u a n d D e r m a n [2 9 ], a n d e xt e n d e d in Fo s t e r a n d W h it e m a n

[1 3 ].

A ll o f t h e s e p a p e r s p r e d ic t o p t io n p r ic e s wit h o u t u s e o f o t h e r o b s e r ve d m a r ke t o p t io n p r ic e s .

B u t a r e la t e d \ in ve r s e " p r o b le m u s e s r e la t ive e n t r o p y m in im iz a t io n ( o r m a xim iz a t io n o f S h a n n o n

e n t r o p y) t o d e r ive a r is k-n e u t r a l d is t r ib u t io n t h a t is constrained t o b e c o n s is t e n t wit h a s u b s e t o f

o b s e r ve d o p t io n p r ic e s . A r n o ld Ze lln e r p o in t e d o u t t o m e t h a t p e r h a p s t h e e a r lie s t p a p e r o n t h is

in ve r s e p r o b le m wa s Ma s s im b [2 3 ], b u t t h e id e a wa s d e ve lo p e d fu r t h e r b y B u c h e n a n d K e lly [5 ],

a n d a ls o b y H a wkin s , R u b in s t e in , a n d D a n ie ll [1 9 ]. L a t e r g e n e r a liz a t io n s o f t h e id e a a r e s e e n in

A ve lla n a d a [2 ], wh o c o n s t r a in s t h e m e a s u r e t o b e c o n s is t e n t wit h o b s e r ve d m a r ke t fo r wa r d r a t e

2Stutzer [26] noted the earlier term\minimal" martingale measure of Follmer and Schweizer [12]
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a g r e e m e n t s a n d in t e r e s t r a t e s wa p s .

2 N on-N or mality: Reinter pr eting the B lack Scholes Volatility P ar ameter

Th e B la c k-S c h o le s o p t io n p r ic in g fo r m u la d o e s n o t wo r k we ll wh e n t h e u n d e r lyin g a s s e t is a n

in d e x p o r t fo lio o f s t o c ks . B a t e s [3 , p .2 5 ] r e p o r t s t h a t u p o n in ve r t in g t h e B la c k-S c h o le s c a ll o p t io n

p r ic in g fo r m u la BS ( ¾ ) 3 t o ¯ n d t h e d i®e r e n t n u m b e r ¾imp t h a t m a ke s t h e B la c k S c h o le s fo r m u la

va lu e e qu a l t o e a c h o b s e r ve d o p t io n m a r ke t p r ic e , s u c h implied volatilities a r e \ u p wa r d ly b ia s e d

r e la t ive t o r e a liz e d vo la t ilit y..." . Th is u p wa r d b ia s in s t o c k in d e x vo la t ilit y wa s a ls o n o t ic e d in a

s ys t e m a t ic s t u d y o f S&P 1 0 0 in d e x o p t io n p r ic e s b y Fle m in g [1 1 ], wh o s e r e s u lt s a r e s u m m a r iz e d

la t e r a s p r o vid in g e m p ir ic a l e vid e n c e fo r t h e fo llo win g m o d e l.

B e c a u s e t h is b ia s is in d ic a t ive o f n o n -n o r m a lly d is t r ib u t e d r e t u r n s , we a d o p t t h e e n t r o p ic h y-

p o t h e s is ( 4 ) a n d ( 5 ) wit h a p o s s ib ly n o n -n o r m a lly d is t r ib u t e d
p

¢ t ¢ z in t h e r e t u r n p r o c e s s ( 1 ) .

In o r d e r t o r e t a in t h e s im p lic it y a n d fa m ilia r it y o f t h e B la c k-S c h o le s fo r m u la , u s e a t im e s e r ie s

o f a s s e t r e t u r n s t o n o n p a r a m e t r ic a lly e s t im a t e t h e s o lu t io n ŵ t o ( 5 ) a n d t h e n u s e t h e s t a n d a r d

d e via t io n o f t h e r e s u lt in g e s t im a t e d d e n s it y ( 4 ) t o c o m p u t e a p a r a m e t e r , c a lle d ¾̂, t h a t will r e p la c e

t h e r e a liz e d a s s e t vo la t ilit y ¾ in t h e B la c k S c h o le s fo r m u la . BS ( ¾̂ ) c a n b e c o m p u t e d a n d c o m p a r e d

t o b o t h t h e u n c o r r e c t e d B la c k S c h o le s va lu e BS ( ¾ ) a n d t h e m a r ke t p r ic e BS ( ¾imp ) . The result

will thus be a reinterpretation of the volatility parameter in the B lack Scholes formula, needed to

help correct for non-normalities.4

S p e c ī c a lly, o b t a in a t im e s e r ie s s a m p le o f ¢ t-r e t u r n s ¢ p=p, a n d s u b s t it u t e t h e s a m p le a ve r a g e

c o r r e s p o n d in g t o t h e e xp e c t a t io n o p e r a t o r u s e d t o d e ¯ n e ( 5 ) . Th e n , u s e t h e N e wt o n -R a p h s o n

m e t h o d t o n u m e r ic a lly m a xim iz e t h e r e s u lt in g s a m p le c o u n t e r p a r t o f ( 5 ) , p r o d u c in g a n e s t im a t e

~w o f ŵ. U n d e r m ild r e g u la r it y c o n d it io n s , A m e m iya [1 ] s h o ws t h a t t h e extremum estimator ~w is

a c o n s is t e n t e s t im a t o r o f ŵ. S u b s t it u t e ~w in t o t h e d e n s it y ( 4 ) , d ivid e t h is d e n s it y's va r ia n c e ¾̂2 ¢ t

b y ¢ t a n d t a ke t h e s qu a r e r o o t t o p r o d u c e t h e r e qu ir e d ¾̂ fo r s u b s t it u t io n in t o t h e B la c k S c h o le s

fo r m u la .

3This notation for the Black Scholes formula suppresses the notation for its other variables, i.e. the riskless rate

of return r, the time to expiration T , the current price of the underlying security, and the exercise price.
4A somewhat related contribution of Duan [10] used GARCH to model the actual underlying return process,

assumed that the risk neutral conditional return distribution is still normal (albeit with altered mean), and assumed

that its variance would equal the actual conditional variance. HÄardle and Hafner [17] showed that the normal

distribution with the smallest entropy relative to the actual normal distribution must have the same variance

(albeit with altered mean).
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2 .1 E m p ir ic a l Im p le m e n t a t io n

To fa c ilit a t e c o m p a r is o n wit h p r io r a n a lys e s , t h is p r o c e d u r e wa s a p p lie d u s in g S & P 5 0 0 r e t u r n s

b e t we e n S e p t e m b e r 1 9 8 5 a n d Ju ly 1 9 9 4 , t h e s a m e d a t a p e r io d u s e d in S t u t z e r [2 8 , p .1 6 4 7 ]. Fu r -

t h e r m o r e , t h e e ®e c t s o f d ivid e n d s a r e b u ilt in t o t h e s e c a lc u la t io n s , u s in g t h e m e t h o d d e s c r ib e d

t h e r e .

Th e h is t o r ic a l vo la t ilit y o ve r t h e e n t ir e p e r io d ( in c lu d in g t h e Cr a s h o f 1 9 8 7 ) wa s a r o u n d ¾ =

1 5 % , wit h s m a ll va r ia t io n s d e p e n d e n t o n t h e ¢ t u s e d t o e s t im a t e it . Fo r o p t io n s wit h 4 we e ks t o

e xp ir a t io n , t h e ¾̂¡¾ wa s a b o u t +2 : 5 p e r c e n t a g e p o in t s . Fo r o p t io n s wit h 1 2 we e ks t o e xp ir a t io n ,

¾̂ ¡ ¾ r o s e t o +3 :5 p e r c e n t a g e p o in t s . Fo r o p t io n s wit h lo n g e r t im e t o e xp ir a t io n s , ¾̂ ¡ ¾ wa s

lo we r , d r o p p in g b a c k t o a r o u n d +2 :5 p e r c e n t a g e p o in t s fo r o p t io n s wit h 2 4 we e ks t o e xp ir a t io n . If

t h is r e in t e r p r e t a t io n o f t h e B la c k-S c h o le s vo la t ilit y p a r a m e t e r h a s m e r it , t h e s e u p wa r d a d ju s t m e n t s

s h o u ld b e c lo s e t o t h e a ve r a g e d i®e r e n c e o ve r t h e e s t im a t io n p e r io d o f t h e o p t io n -im p lie d vo la t ilit ie s

¾imp fr o m t h e r e a liz e d a s s e t vo la t ilit ie s .

E m p ir ic a l e vid e n c e in Fle m in g ( o p .c it .) is c o n s is t e n t wit h t h e s e p r e d ic t e d u p wa r d a d ju s t m e n t s .

Ove r t h e p e r io d Oc t o b e r 1 9 8 5 t h r o u g h A p r il 1 9 9 2 , wh ic h o ve r la p s wit h o u r p e r io d b u t excludes

the Crash of 1987, Fle m in g c o m p a r e d t h e im p lie d vo la t ilit ie s o f n e a r e s t -t o -t h e -m o n e y S & P 1 0 0

in d e x o p t io n s t h a t we r e c lo s e s t t o e xp ir a t io n ( b e t we e n 1 5 a n d 4 7 d a ys ) , t o t h e ir c o r r e s p o n d in g

r e a liz e d a s s e t vo la t ilit y t o e xp ir a t io n . Fle m in g 's Ta b le 1 s h o ws t h a t t h e a ve r a g e u p wa r d b ia s

o f c a ll o p t io n im p lie d vo la t ilit ie s o ve r r e a liz e d a s s e t vo la t ilit ie s wa s 1 :9 p e r c e n t a g e p o in t s , wh ile

t h a t fo r p u t o p t io n s wa s +2 : 5 p e r c e n t a g e p o in t s . W h ile Fle m in g 's c a ll o p t io n b ia s e s t im a t e s a r e

s o m e wh a t lo we r t h a n t h e a fo r e m e n t io n e d ¾̂ ¡ ¾ = +2 : 5 p e r c e n t a g e p o in t s p r e d ic t e d fo r o p t io n s

e xp ir in g in t h is r a n g e , Fle m in g 's e s t im a t e s wo u ld h a ve b e e n h ig h e r h a d t h e y in c o r p o r a t e d d a t a

s u r r o u n d in g t h e Cr a s h o f Oc t o b e r 1 9 8 7 , a s t h e p r e d ic t io n s d id . Fo r a s n o t e d b y Fle m in g ( o p .c it .,

p .7 ) , \ in c lu d in g t h e s e d a t a a c t u a lly in c r e a s e s t h e b ia s s in c e t h e c r a s h in d u c e d a s u b s e qu e n t lo n g -

t e r m in c r e a s e in im p lie d vo la t ilit y wh ic h o u t we ig h s t h e u n d e r s t a t e m e n t o f vo la t ilit y o n Oc t o b e r

1 9 ." In summary, the only published quantitative evidence, the direction and magnitude of B lack-

Scholes stock index option pricing errors during a lengthy historical period that includes the Crash

of 1987, is consistent with the entropic hypothesis.5

3 Conclusions

In t h e t h e o r y o f c o n t in g e n t c la im s va lu a t io n wit h c o m p le t e , fr ic t io n le s s m a r ke t s , t h e p r ic e o f a c o n -

t in g e n t c la im wr it t e n o n u n d e r lyin g a s s e t s is it s e xp e c t e d p r e s e n t va lu e , u s in g a r is kle s s d is c o u n t

r a t e a n d a n equivalent martingale measure t o c o m p u t e t h e e xp e c t a t io n . In t h e b e s t kn o wn c a s e o f

a ( c a ll) o p t io n t o b u y a s in g le u n d e r lyin g a s s e t wit h IID n o r m a l r e t u r n a t a p r e d e t e r m in e d e xe r c is e

5Clearly, more extensive empirical testing should be the subject of another paper.
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price, relative entropy minimization provides a simple way to compute the martingale measure that

yields the important Black-Scholes option pricing formula. The Black-Scholes formula depends on a

parameter that is usually interpreted as the volatility of the underlying (normal) asset return process.

But when returns are non-normal, the relative entropy calculation indicates an adjustment of this

"volatility" parameter that helps capture the effects of non-normality. Existing empirical evidence for

S&P 500 stock index options is consistent with this generalization of the Black-Scholes model.
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