Entropy 2001 , 3, 76–115

entropy

ISSN 1099-4300 www.mdpi.org/entropy/

Mechanical Entropy and Its Implications

Pharis E. Williams

Energetic Materials Research and Testing Center (EMRTC), Socorro, NM 87801, USA. Tel: (505) 835-5774/5301; E-mail: pharis@emrtc.nmt.edu

Received: 24 February 2001 / Accepted: 19 June 2001 / Published: 30 June 2001

Abstract: It is shown that the classical laws of thermodynamics require that mechanical systems must exhibit energy that becomes unavailable to do useful work. In thermodynamics, this type of energy is called entropy. It is further shown that these laws require two metrical manifolds, equations of motion, field equations, and Weyl’s quantum principles. Weyl’s quantum principle requires quantization of the electrostatic potential of a particle and that this potential be non-singular. The interactions of particles through these non-singular electrostatic potentials are analyzed in the low velocity limit and in the relativistic limit. It is shown that writing the two particle interactions for unlike particles allows an examination in two limiting cases: large and small separations. These limits are shown to have the limiting motions of: all motions are ABOUT the center of mass or all motion is OF the center of mass. The first limit leads to the standard Dirac equation. The second limit is shown to have equations of which the electroweak theory is a subset.

An extension of the gauge principle into a five-dimensional manifold, then restricting the generality of the five-dimensional manifold by using the conservation principle, shows that the four-dimensional hypersurface that is embedded within the 5-D manifold is required to obey Einstein’s field equations. The 5-D gravitational quantum equations of the solar system are presented.

Keywords: Mechanical entropy; Entropy manifold; Geometry; quantum mechanics; Quantum gravity; SU(2); SU(3).

© 2001 by the author. Reproduction for noncommercial purposes permitted.

Entropy 2001 , 3 77

The thermodynamic basis for the constancy of the speed of light[47] provides the starting point for a thermodynamic basis for Einstein’s Special Theory of Relativity[9] with its space-time metric[23] and quantum mechanics[2]. The starting point in this chain of logic is the adoption of generalizations of the classical thermodynamic laws and their use to define the mechanical entropy, (mentropy), and arrive at the maximum mentropy principal for isolated mechanical systems. The ability of these laws to require the constancy of the speed of light displays their connection to relativistic theories. However, this article will display the logic through the development of mechanics. There will be numerous points in this logic where one could branch off on interesting and useful topics. See the Logic Flow chart in Figure 1. This article will stay strictly on the track of presenting the logic from the adopted laws through relativistic mechanics to quantum mechanics.

The basic laws may be restated here for clarity.

1 First Law (Conservation of Energy)

The concept of conservation of energy is fundamental to all branches of physics and is the beginning of the basis of thermodynamics and mechanics. In terms of generalized coordinates or independent variables, the notion of work, or mechanical energy, is considered linear forms of the type

d̄W = F_i(q^1, . . . , q^n, U^1, . . . , u^n)dq^i (i = 1, 2, . . . , n),

where the forces F_i may be functions of the velocities (dq^i/dt = u^i) as well as the coordinates q^i and the summation convention is used. The line integral ∫ c F_idq^i then represents the work done along the path C by the generalized forces.

A system may acquire energy by other means in addition to the work terms; such energy acquisition is denoted d̄E. The system energy, which represents the energy possessed by the system, is considered to be U(q^1, . . . , q^n, u^1, . . . , u^n).

With these concepts, then the First Law, which is the generalized Law of Conservation of Energy, has the form d̄E = dU − d̄W = dU − F_idq^i (i = 1, . . . , n). (1) Positive d̄E is taken as energy added to the system by means other than through the work terms and F_i is taken as the component of the generalized force acting on the system which caused displacement dq^i.

Entropy 2001 , 3 78

Figure 1: Logic Flow chart.

Entropy 2001 , 3 79

2 Second Law

There are processes, or motions, that satisfy the First Law but are not observed in nature. The purpose of the Second Law is to incorporate such experimental facts into the model of dynamics. The statement of the Second Law is made using the axiomatic statement provided by the Greek mathematician Carathéodory[2], who presented an axiomatic development of the Second Law of thermodynamics that may be applied to a system of any number of variables. The Second Law may then be stated as follows:

In the neighborhood (however close) of any equilibrium state of a system of any number of dynamic coordinates, there exist states that cannot be reached by reversible E - conservative (d̄E = 0) processes or motions.

When the variables are thermodynamic variables, the E-conservative processes are known as adiabatic processes.

A reversible process, or motion, is one that is performed in such a way that, at the conclusion of the process, both the system and the local surroundings may be restored to their initial states without producing any change in the rest of the universe.

3 Mentropy and Geometry

It was previously shown that the Second Law guarantees the existence of an integrating factor for the First Law where the integrating factor is a function of only the speed[47]. The Second Law also requires that the mentropy must be maximized for an isolated system for which d̄E = 0. This principle becomes a variational principle for isolated systems. A metric may be obtained by considering the stability conditions when q and S are taken as the independent variables. For example, consider the terms of second order in small displacements beginning with the general condition

Choose U = U(q, S), which, because of the identity ϕdS = sU − F dq

δU − F δq − ϕδS > 0 (2)

is a natural choice for the independent variables, and expand δU in powers of the δq and δS

δU = ϕδS + F δq +^1_2

[_{∂2U}

∂q^2 ] δq^2 + 2

[_{∂2U}

∂q∂S ] δqδS +

[_{∂2U}

∂S^2 ] ∂S^2 + terms of third order . . . (3)

Entropy 2001 , 3 80

The inequality (2) then shows that in Equation (3),

second order terms + third order terms + . . . > 0.

Retaining only the second order terms, the criterion of stability is that a quadratic differential form be positive definite;

∂^2U ∂S^2

(dS)^2 +

∂^2U ∂S∂q^α

(dS)(dq^α) +

∂^2U ∂q^α∂q^β

(dq^α)(dq^β) > 0; α, β = 1, 2, 3.

Adopting this quadratic form as the metric of a general system whose variables are held fixed, we may then write this metric as

(ds)^2 = h_{ij} dq^idq^j; i, j = 0, 1, 2, 3, (4)

where the summation convention is used and

h_{ij} =

∂^2U ∂q^i∂q^j , with q^0 ≡ S/F_0, the scaled mentropy for dimensional correctness.

Thus, the stability conditions provide a metric in the four-dimensional manifold of spacementropy. The arc length s in the space-mechanical entropy manifold may be parameterized by choosing ds ≡ u_0dt ≡ cdt, where u_0 ≡ c is the unique velocity appearing in the integrating factor of the second postulate. There are two reasons for choosing the unique velocity. First, it is the only well-defined velocity we have thus far. Secondly, we may look ahead to the metric of the Special Theory of Relativity. The metric may now be written as

c^2(dt)^2 = h_{ij}dq^idq^j; i, j = 0, 1, 2, 3. (5)

Now suppose the systems considered are restricted to only E-conservative systems. Then the principle of increasing mentropy may be imposed in the form of the variational principle δ ∫ √ (dq^0)^2 = 0.

In order to use this variation principle, Eqn. (5) may be expanded, solved for (dq^0) and squared to arrive at the quadratic form

(dq^0)^2 = 1 h_{00} [ c^2(dt)^2 + 2h_{0α}Adtdq^α − h_{αβ} dq^αdq^β ] , (6)

where A = h_{0α} h_{00} u^α ± √ c^2 h_{00} + h_{αβ} h_{00} u^αu^β + h_{0α} h_{00}

(u^α)^2

Entropy 2001 , 3 81

with u^α ≡ dq^α/dt.

By defining x^0 ≡ ct, x^α = q^α; α = 1, 2, 3, then Eqn. (6) may be written as

(dq^0)^2 = 1 f ǵ_{ij}dx^idx^j ; i, j = 0, 1, 2, 3 (7)

where f ≡ h_{00}. This metric obviously reduces, in the Euclidean limit of constant coefficients, to the metric of Minkowski’s space-time manifold of Special Relativity[23]. It is interesting to note that in the metric of Eqn. (6) the difference in the sign on the time and space elements of the metric come from the fact that the stability conditions are given in terms of space and mentropy while the variational principle was taken to be the Mentropy Principle. In this fashion the Second Law guarantees the limiting aspect found in Einstein’s Special Theory of Relativity.

In his General Theory of Relativity, Einstein assumed the space-time manifold to be Riemannian[11]. However, this assumption involves the a priori assumption that the scalar product be invariant. This assumption was later questioned by Weyl in his generalization of geometry[37]. From the viewpoint that the adopted postulates should contain the other theories within them then it becomes desirable to determine whether or not these postulates specify the geometry of the (dq^0)^2 space-time manifold. More particularly do the adopted postulates lead to a geometry includes the geometry of current theories? To arrive at a more general geometry would not be a limitation for it would certainly include the others.

Recalling Eqn. (7), we can define

(dq^0)^2 = 1 f ǵ_{ij}dx^idx^j ≡ 1 f (dσ)^2 ≡ g_{ij}dx^idx^j . (8)

Now the Second Law guarantees the existence of the function mentropy and that dq^0 be a perfect differential; therefore dq^0 = q^0_i dx^i, (9)

where q^0_i ≡ ∂q^0/∂x^i. Then the exactness of dq^0 is stated by

q^0_{i|j} − q^0_{j|i} = 0. (10)

By defining the parallel displacement of a vector to be

dζ_i = Γ^v_{is}dx^sζ_v (11)

and using Eqns. (10) and (11) it may be seen that the connections must be symmetrical, or

Γ^v_{ik} = Γ^v_{ki}. (12)

Entropy 2001 , 3 82

This result should not be taken to mean that only symmetric connections need to be considered. Rather it means that given the ĝ_{ij}’s that maximize (dq^0)^2, then the connections are symmetrical. However, since a variational principle must be used to determine the ĝ_{ij}’s, then both symmetric and antisymmetrical connections will have to be considered.

In Weyl’s generalization of geometry he found it necessary to assume the symmetry of the connections. He proved a theorem showing that the symmetry of the connections guaranteed the existence of a local Euclidean limiting manifold and used this theorem in support of the symmetry assumption. Here we find that the Second Law requires that the connections formed by the solution coefficients must be symmetrical thus guaranteeing, through Weyl’s theorem, the existence of a local Euclidean geometry within the Dynamic Theory.

Suppose now we consider whether the order of differentiating the change in mentropy makes any difference. This means that we must use symmetric connections since the actual change in mentropy will be determined by the metric coefficients that generate a maximum. Knowing that the change in mentropy is a total derivative provides the knowledge that the mentropy space must be Reimannian.

It may be shown that the requirement that the change in mentropy be a total derivative also requires that the difference in the order of differentiation

Δ(dq^0)^2 =

∂^2(dq^0)^2 ∂x^i∂x^j − ∂^2(dq^0)^2 ∂x^j ∂x^i must vanish.

This is the necessary and sufficient condition that the differential mentropy change may be transferred from an initial point to all points of the space in a manner that is independent of the path.

The distinguishing features of Riemannian geometry is the invariance of the scalar product under a vector transplantation. Therefore to determine whether the (dq^0)^2 space is a Riemannian space, consider the vector ξ_i and η̂_i. Now since ξ_i = g_{ij}ξ^j and

dξ_i = Γ^r_{is}dx^sξ_r = Γ^r_{is}dx^sg_{rk}ξ^k =

∂g_{ij} ∂x^s ξ^idx^s + g_{ij} dξ^j,

then g_{ij}dξ^j = Γ^r_{is}dx^sg_{rk}ξ^k −

∂g_{ij} ∂x^s ξ^jds^s.

Or, since g^{ij}g_{ij} = δ^i = 1 and ∂g_{ij} ∂x^s

= Γ_{jis} + Γ_{ijs}, then dξ^j = g^{ij}[Γ_{kis}ξ^k − (Γ_{jis} + Γ_{ijs})ξ_i]dx^s = g^{ij}(−Γ_{iks})ξ^kdx^s = −Γ^j_{ks}dx^sξ^k.

Entropy 2001 , 3 83

Thus the change in the covariant and the contravariant vectors are given by

dξ_i = Γ^r_{is}dx^sξ_r dξ^i = −Γ^i_{rs}dx^sξ^r.

Now consider the change in the scalar product ξ_iη^i. Then

d(ξ_iη^i) = dξ_iη^i + ξ^idη_i = Γ^r_{is}dx^sξ_rη^i + ξ_i(−Γ^i_{rs}dx^sη^r) = Γ^r_{is}dx^sξ_rη^i − Γ^i_{rs}dx^sξ_iη^r.

Renaming the indices in the second term yields

d(ξ_iη^i) = (Γ^r_{is}ξ_rη^i − Γ^r_{is}ξ_rη^i)dx^s.

Thus the geometry of the (dq^0)^2 manifold is Riemannian.

Next consider the question of what is the geometry of the (dσ)^2 space? Equation (8) shows that we may write (dσ)^2 = f(dq^0)^2, which is reminiscent of Weyl’s generalized geometry. Further we have ǵ_{ij} = fg_{ij}.

Then in the sigma space an arbitrary vector ξ^i would have a length ℓ given by the self-scalar product ĺ = ||ξ||^2 = ǵ_{ij}ξ^iξ^j − fg_{ij}ξ^iξ^j = fl^2, (13)

where l is the length of the vector in the mentropy space.

If we differentiate Eqn. (13), we have

2ĺd́l = ĺ^2 ∂f ∂x^i dx^i + 2fldl.

However, in the mentropy space the length of the vector is unchanged under parallel displacement so that dĺ = 1 2 ∂f ∂x^i dx^i ĺ f = 1 2 ∂ ln f ∂x^i dx^iĺ. (14)

Comparing Eqn. (14) with the definition of the parallel displacement of a vector, Eqn. (11), we find that ϕ_i =

∂ ln f ∂x^i plays a role similar to that of the connections Γ^i_{jk} the definition of parallel displacement of a vector. Therefore we shall define the change in the length of a vector under displacement to be

dl = (ϕ_idx^i)l. (15)

Entropy 2001 , 3 84

This is the same definition Weyl made in his generalization of geometry. However, there is a difference in the way it was obtained. Weyl chose this definition in analogy with the connections Γ and the definition then led to the second more general metric. In this theory the fundamental laws lead us to two metrics and Eqn. (14) for the change in the length of a vector under displacement. Therefore, we have no choice. Eqn. (14) is a derived equation and Eqn. (15) only renames the logarithmic derivative.

Using Eqn. (15) we may obtain, in general,

dl^2 = 2l^2(ϕ_idx^i) = d(g_{ij}ξ^iξ^j) = g_{ij|k}ξ^iξ^jdx^k + g_{ij}Γ^i_{lk}ξ^lξ^jdx^k + g_{ij}Γ^i_{lk}ξ^iξ^ldx^k.

Renaming the various summation indices, rearranging terms, and using the length of a vector, we obtain [g_{ij|k} + g_{lj}Γ^l_{ik} + g_{il}Γ^l_{jk}]ξ^iξ^jdx^k = 2g_{ij}ϕ_kξ^iξ^jdx^k.

Since this must hold for arbitrary choice of ξ^i and dx^k, we conclude that

(g_{ij|k} − 2g_{ij}ϕ_k) + g_{lj}Γ^l_{ik} + g_{li}Γ^l_{jk} = 0.

This is the same system of linear equations for the connections of a Reimannian space except that the inhomogeneous term g_{ijs} has now to be replaced by g_{ijk} − 2g_{ij}ϕ_k. Therefore the same linear algebra as before leads to

Γ^i_{jk} = − ( i j k ) + g^{li}[g_{lj} ϕ_k + g_{lk}ϕ_j − g_{jk}ϕ_l] (16)

where

(_i j k ) is the usual Christoffel symbol of the second kind.

Now, since the mentropy space is Riemannian, then in the mentropy space we have Φ^′_i ≡ 0 and Γ^{′i}_{jk} = −

(_i jk ) and the length ℓ of a vector is unchanged under parallel displacement. However, the same displacement law in the sigma space, with metric ĝ_{ij} , leads to the relation

dĺ = ±d √ ǵ_{ij}ξ^iξ^j = ±d √ fg_{ij}ξ^iξ^j = l^∂

√_f

∂x^k dx k = ±^1_2^{∂ ln f}_{∂xk} dx^kĺ.

(17)

Thus ±(1/2)(∂ ln f/∂x^k) plays the role of ϕ_k in Eqn. (15). It follows then that the ordinary connections −

(_i j k ) constructed from ĝ_{ij} are equal to the more general connections Γ^i_{jk} constructed according to Eqn. (16) from g_{ij} and ϕ_k = (1/2)(∂ ln f/∂x^k):

Γ́^i_{jk} = Γ^i_{jk}. (18)

Entropy 2001 , 3 85

This can also be seen by direct computation from Eqn. (15) and

ǵ_{ij} = fg_{ij}. (19)

We may interpret the change of metric from g_{ij} to ĝ_{ij} by Eqn. (19) as a change of scale for the length at every point of the Riemannian manifold by the variable gauge factor f. This transformation is called a gauge transformation, and ϕ_k called a gauge vector field.

The generalized geometry thus separates the problem of measurement of angles from that of measurement of length. For instance, the angle between the two vectors ξ^i and η^i at a given point of the space is measured by the ratio

ξ^iη^i ||ξ|| ||η|| = g_{ij}ξ^iξ^j √ (g_{ij}ξ^iξ^j)(g_{ij}η^iη^j) . This ratio does not change under the gauge transformation Eqn. (19). The gauge transformation is therefore an angle-preserving, or conformal, change of metric. On the other hand, the length of vectors will change under Eqn. (19) according to Eqn. (14). Thus the metric tensor ĝ_{ij} determines angles, while one needs also the gauge vector ϕ_k to measure length.

Considering the sigma space, which is characterized by the tensor field ĝ_{ij} and gauge vector ϕ̂_k. The same argument as before shows that we may, without changing the intrinsic geometric properties of vector fields, replace the geometric quantities by use of a scalar field f as follows:

ǵ_{ij} = fg_{ij}, ϕ́_k = ϕ_k + 1 2 ∂ ln f ∂x^k

, Γ́^i_{jk} = Γ^i_{jk}. (20)

That is, in the new metric, vectors will have the same law of affine transplantation and the angle between different vectors at the same point of the manifold will be preserved, but the local lengths of a vector will be changed according to ĺ^2 = fl^2

Thus the general Weyl geometry of the sigma space admits also a conformal gauge transformation.

4 Quantum Mechanics

In 1927 F. London derived quantum principles from Weyl’s geometry[21]. However, the results of his work made it difficult to define length as a real number and because of this Weyl later interpreted the mathematical formalism of his unified theory as connected with transplanting a state vector of a quantum theoretical system.

Suppose that we consider an isolated, or E-conservative, system so that d̄E = 0. Then, because of the Second Law dq^0 ≥ 0 which is the principle of increasing mentropy. Then certainly (dq^0)^2 ≥ 0

Entropy 2001 , 3 86

and also, since (dq^0)^2 = f(dσ)^2, then f(dσ)^2 ≥ 0. However, if f < 0, then (dσ)^2 < 0 since it is the product that must remain greater than, or equal to, zero. In this case

dq^0 = √ −f √ −(dσ)^2. But d(dσ) = ϕ_kdx^k(dσ) and ∫ d(dσ) (dσ) = ∫ ϕ_kdx^k,

which implies that the element of arc (dσ) is given by

(dσ) = (dσ)_0 e

∫_{ϕkdxk} , where (dσ)_0 is some initial value of the element of arc.

Now suppose an equilibrium, or reversible, state is desired so that dq^0 = 0. Thus, the desired condition is a null trajectory of the (dq^0)^2 manifold. Then, if f ≠ 0, the desired condition is also a null trajectory of the (dσ)^2 manifold. This implies that d(dσ) = 0 or (dσ) = (dσ)_0, so that e ∫_{ϕkdxk}

= 1,

which is satisfied only if ∫ ϕ_kdx^k = 2πiN, (21)

where N is an integer. This is the quantum condition London introduced.

To illustrate how this condition arises from this approach, suppose a description of a hydrogen atom is desired. A hydrogen atom is in a stable condition and, if isolated, satisfies the conditions d̄E = 0 and dq0 = 0. These conditions along with f ≠ 0 establish the quantization of the integral in Eqn. (21). To show how the Dynamic Theory removes from London’s work the difficulty of defining length as a real number, consider an elementary presentation of London’s.

Suppose the field of a proton to be given by

ϕ_0 = α^1 r ; ϕ_i ≡ 0; i ≠ 0.

Equality of forces for the simple case of circular motion requires that mv^2 r = e^2 r^2 . Thus the period is given by T = 2πr/v and the velocity by v = e √ mr .

Entropy 2001 , 3 87

Now ∫ ϕ_kdx^k = ∫ ϕ_0cT = 2πiN.

so that α^1cT r = α^1c2π

√ mr e = 2πiN.

solving for the radius shows that the allowed radii^1 are r = −N^2e^2 (α^1)^2mc^2 . By choosing α^1 =

2πie^2 hc ≈ i 137 ≡ iα,

where h is Planck’s constant, then the possible radii become r = N^2h^2 4π^2e^2m , which are the Bohr radii.

The imaginary α^1 presented the difficulty, in London’s work, of defining length as a real number. Here real distance, or length, may be defined, and properly should be, in the (dq^0) manifold. Recalling that the definition of the potentials is

ϕ_k = ±

∂ ln f^12 ∂x^k , it may easily be seen that if f < 0, then ϕ_k becomes imaginary as does the length of arc in the (dσ)^2 manifold since the length of arc is given by σ = ∫ √ (dσ)^2.

However, the arc length in the (dq^0)^2 manifold is real since dq^0 ≥ 0 by the Second Law.

It should be noted that the conditions for quantization are not restricted to d̄E = 0, dq^0 = 0, and f < 0 as used here. Any set of conditions which results in the final element of arc (dσ) being equal to the initial element of arc (dσ)_0 results in quantum conditions. It is particularly significant to note that the quantization involves only forces which may be described in terms of the ”distance curvature” and does not involve forces describable by a vector curvature. Thus interpreting the gauge potentials ϕ_k to be electromagnetic potentials provides quantum effects for electromagnetic forces.

1Please note that the α and r are in electrostatic units on this page.

Entropy 2001 , 3 88

Here, again, is a distinction between curved and Euclidean manifolds, though here it appears slightly different. Isomentropic systems require quantization. However, this quantization depends upon the existence of a gauge function and appropriate restrictive conditions. Thus a curved space may exhibit quantum effects but only if the curvature is accompanied by a gauge function or a distance curvature.

Thus this theory, through London’s quantization, not only supports the contention that ”God does not play with dice all the time” but, further, may supply the answer to the question, ”What is waving in the wave function?” London showed that the wave function is directly related to the element of the arc length in the sigma manifold. Therefore the ”waving” is the tendency of this element of arc length to increase and decrease around a closed path. Using the calculus of complex variables, the quantum number becomes the order, or multiplicity of the zero of (dσ). This may also be stated in terms of null trajectories. Einstein’s null trajectory was the path light travels and remains so here. However, this is the zeroth order null trajectory. The remaining null trajectories for the complex arc length are given, as London showed, by the equations of Quantum Mechanics.

5 Conclusions

The following are among those conclusions that may be made from the forgoing:

1. The thermodynamic laws require Einstein’s postulate concerning the constancy of the speed of light,

2. The thermodynamic laws provide a metric through the stability conditions that lead to the space-time manifold of Einstein’s Special Theory of Relativity when the mentropy principle is used,

3. The thermodynamic laws require not one, but two manifolds for a complete description of an event and the theory requires that one be a Riemannian and the other be a Weyl space, 4. The thermodynamic laws require that the equations of Schrödinger’s quantum Mechanics be used for stable isomentropic states and that these quantum states are null trajectories in a Weyl space, and

5. Neither the Special Theory of Relativity nor Weyl’s Quantum Principles are the primitive concepts they are currently thought to be.

6 Non-Singular Gauge Potential

Weyl first proposed his gauge factor in his 1918 attempt to embed electromagnetism into geometry[36]. Schrödinger noticed that for a large number of systems satisfying the Bohr-Sommerfeld quantization conditions, the exponent of the non-integrable Weyl factor ℓ = ℓ_0exp

[_1 γ ∫ ϕ_jdx^j ] became

Entropy 2001 , 3 89

quantized[31]. He also showed that, if the unit of quantization was taken to be imaginary with a magnitude of Planck’s constant, then the Weyl factor was unity. London showed that the Weyl factor was proportional to the Schrödinger wave function and that, if one knew the gauge potentials appearing in the exponent of the Weyl factor and asked what paths are allowed if the exponent were to remain quantized, the paths allowed were those given by Shrödinger wave mechanics[20]. Though London’s reinterpretation was tentative, Weyl seized upon it and presented a formulation in a 1929 paper that is considered a classic, was complete and went further to propose that electromagnetism could be derived from the gauge potential[38]. In this paper, Weyl introduced a special case of Noether’s theorem, which displayed the analogy between energy-momentum and electromagnetic conservation laws and, thereby, made the result familiar to physicists in the context of field theory.

Many scientists have engaged in gauge theory research as a result of this initial work. These researchers have given numerous invaluable contributions to the field. However, the synopsis above is sufficient to display that the basis of quantum gauge theory began with the concept of quantized motion. London showed that the solutions to Shrödinger’s wave equation determined the paths that were allowed, while Weyl’s gauge factor remained unity and its exponent quantized. This provided a description of quantized paths or motion.

The exponent of the gauge factor may be thought of as having three parts: an integrand (which are the gauge potentials), a path (which is given by the differentials) and an integral value (the result of integrating the integrand over the path). Thus, while London showed that the equations of quantum mechanics gave the paths allowed by a quantized exponent provided the gauge potentials were known, another question may be put to the exponent with equal expectations with regard to the descriptions of physical phenomena.

Particles exhibit quantized potentials, and it is the interactions of a particle with electromagnetic fields that establishes the identity of a particle. If this identity is to persist in time and through movement in space, the identifying gauge potentials must be independent of this motion. Consider the question of what gauge potentials are allowed which are independent of the path and satisfy the quantum condition of the exponent? The gauge potentials sought must satisfy ∫ ϕ_j dx^j = i2πN where the i on the right hand side indicates an imaginary value and the summation convention is to be applied to the j’s, Here N has been used to distinguish the gauge potential quantum number from the previous orbital or path, quantum number, n. If the gauge potentials are to be independent of the dx^j then all of the path elements may be chosen to be zero except a single arbitrary dx_j . Therefore, the gauge potentials must satisfy the condition that ∫ ϕ_j dx^j = i2πN_j , where now the summation convention is not used and each gauge potential is quantized by the value N_j .

When ϕ_0 is identified with the electrostatic potential, as is done in quantum mechanics, the

Entropy 2001 , 3 90

quantum number, N_0, quantizes the charge of the electrostatic potential. Therefore, the same quantum condition that Schrödinger, London, and Weyl used to quantize the paths allowed by a unity scale factor also quantizes the gauge potentials allowed for the particles! One of the first results of this quantization of electric charge may be seen when using Weyl’s derivation of the electromagnetic fields. Fields which are given as ∂_j ϕ_k − ∂_kϕ_j = F_{jk} are quantized by a difference in the gauge potential quantum numbers. Quantized gauge fields may have negative quantum numbers even if all gauge potential quantum numbers are positive.

Further, since these fields must satisfy Maxwell’s field equations, the dependence of the gauge potentials upon space may be determined using the technique of seeking a solution that is the product of functions of the independent variables. When this assumed solution is tried in the Maxwell equation ∇ • B = 0, and the variables are separated, the differential equation for the radial dependence of the quantized, particle gauge potential is found to be (r − λ_N )f_r + r^2f^′_r = 0 where f_r is the unknown function of radius, r. The solution to the differential equation is the nonsingular function f_r =^k_r e^{− λN}r where the subscript in the exponent indicates that the exponent depends upon the particle’s gauge potential quantum numbers and may, therefore, be different for different particles.

Forces of interaction between two particles which are the negative slopes of this type of nonsingular potential, given the same λ_N for each particle, change their sign when the separation r equals λ_N , since force is proportional to^{N0k}_{r2} ( 1 −^{λN}_r ) e^{− λN}r . Therefore, particles, which have repulsive long-range interactions, must have attractive short-range interactions.

Particles with different λ_N will have forces that do not obey Newton’s third law as the force on one particle due to the presence of a second particle will vanish when the separation equals λ_2. While the force on the second particle due to the presence of the first particle will vanish as at a separation of λ_1.

Consequences of such interactions are worked out below and appear to have no need for renormalization, as might be expected of a non-singular potential. Also, the interactions between unlike particles, λ_1 ≠ λ_2, must be solved as a two-particle system which appears to reduce to well-known bilinear forms[4, 27, 51, 33, 34] upon applying appropriate restrictive assumptions, such as all motion is assumed to be motion about the center of mass or all motion is assumed to be of the center of mass.

7 Using Newton’s Equations of Motion

A non-singular, electrostatic potential of the form ϕ =

(_k r ) e^{−λ}r , where the λ may be different for each particle, would not satisfy Newton’s third law concerning equal and opposite forces for all separations, r, and would necessitate revisiting all of the equations of motion concerning the

Entropy 2001 , 3 91

interaction of unlike particles. An investigation of the equations of motion may start with the well-known change of coordinates which allows one the see the motion about the center of mass,

R̄ =^m1^{r̄}1^{+m}2^{r̄}2

m_1+m_2

r̄ = r̄_1 − r̄_2

(22)

where the small r’s represent vectors to each body, or between the bodies, and the capital R represents the vector to the center of mass of the two bodies. Of course the inverse transformations associated with the transformation contained in Equations (26) exist and are the usual ones associated with the center of mass (COM) approach.

By using the COM approach and writing the low velocity limit of the equations of motion (EOM), we find m_1r̈_1r̂_1 = F̄^i_1 + F̄^e_1 m_2r̈_2r̂_2 = F̄^i_2 + F̄^e_2

(23)

where the superscripts i and e represent internal and external forces respectively and the^denotes a unit vector. By using the standard definition for the total mass, M = m_1 + m_2, and the reduced mass, μ = (m_1m_2)/M and setting all external forces to zero, Equations (23) may be put into the form MR̈R̂ = F̄^i_1 + F̄^i_2 μr̈r̂ =^μ_{m1} F̄^i_1 −^μ_{m2} F̄^i_2.

(24)

The EOM of Equations (24) display the effect of Newton’s Third Law on the two-body problem. Should Newton’s Third Law hold in both magnitude and direction then the first equation shows that the force on the COM vanishes while the two forces, which must remain separate when Newton’s Third Law does not hold, becomes a single-force statement without any reference to the mass of the bodies. Further, the first equation gives the motion OF the COM while the second equation gives the motion ABOUT the COM.

Many other conclusions might be pointed out concerning Equations (24). However, it may be of more interest to specialize the forces appearing in the EOM to those of the electric forces between electrically charged particles that exhibit the non-singular potential above. These forces have two traits that have important consequences. First, they depend only upon the separation of the two bodies. That is, the magnitude of the forces depend upon the separation distance, while the direction of the forces are on a line between the bodies. This means that they have ”central force” properties. Secondly, they are the result of taking the gradient of a potential. They are not, however, conservative forces in the classical sense for that would include the assumption of Newton’s Third Law.

Though the following presentation will use symbols of general forces it may be useful to display here the functional dependence of the forces that the non-singular potentials produce. The force

Entropy 2001 , 3 92

on body one due to the presence of body two is

F̄^i_1 = −Z_1e ¯∇V^i_2 = − ( Z_1Z_2e^2 4πε_0 ) 1 r^2 ( 1 − λ_2 r ) e(^{− λ2r} )r̂, (25)

while the force on body two due to the presence of body one is

F̄^i_2 = −Z_2e ¯∇V^i_1 = ( Z_1Z_2e^2 4πε_0 ) 1 r^2 ( 1 − λ_1 r ) e(^{− λ1r} )r̂. (26)

Equations (25) and (26) exhibit the property that at large separations they approximately obey Newton’s Third Law, but as the separation approaches the larger of the λ’s they begin to severely depart from Newton’s Third Law. Therefore, these two forces cannot be combined into a single central force as is done in classical mechanics, nor can their potentials be combined into a single potential.

Additionally, these forces display the attribute of central forces since they each have the form

F̄ = r̂F (r). (27)

One of the attributes of central forces is a constant angular momentum since the torque is

N̄ = r̄ × F̄ = (r̄ × r̂)F (r) = 0. (28)

Therefore, dL̄ dt = d[m(r̄ × v̄)] dt = 0. (29)

From Equation (29) it may be seen that since the total angular momentum must be a constant, then both the vectors r and v must lie in a fixed plane perpendicular to the angular momentum, L. The total angular momentum about the origin is given by

L̄ = L̄_1 + L̄_2 (30)

Then, using the EOM, Equations (23), with vanishing external forces, dL̄ dt = dL̄_1 dt + dL̄_2 dt = r̄_1 × F̄^i_1 + r̄_2 × F̄^i_2. (31)

Equation (31) may be written in terms of the COM coordinates to find dL̄ dt = R̄ × (F̄^i_1 + F̄^i_2) + r̄ × ( μF̄^i_1 m_1 − μF̄^i_2 m_2 ) . (32)

Entropy 2001 , 3 93

By using the forces given by Equations (25) and (26) then Equation (32) becomes dL̄ dt = k r^2 [( 1 − λ_1 r ) e^{− λ1r} − ( 1 − λ_2 r ) e^{− λ2r} ] (R̄ × r̂) (33)

from which it may be seen that there are two ways for the change in total angular momentum to vanish. The first is that λ_1 = λ_2 and the second is for the COM to be on the line defined by the two bodies. This requires that, for two distinctly different bodies, their motion must have a total angular momentum that is constant with respect to some point in the plane determined by the positions of the two bodies and this point may be taken as the origin. Further, both bodies must be on a line with the angle θ, or θ + π, in this plane. The significance of this is that Equation (32) requires that, not only must the total angular momentum be constant in time, but so must the angular momentum ABOUT , and OF , the COM.

By using this result together with the EOM, Equations (23) and (24), with the force laws, Equations (25) and (26), the Conservation of Energy, and transferring to the cylindrical coordinates typical of motion for central forces, it may be shown that the energy, which is a constant of the low velocity motion, becomes

E = K + V + K_c + V_c (34)

where K + V is the energy of ABOUT the COM and K_c + V_c is the energy OF the COM. In Equation (34), the parts are given by:

K =^{μk}_{2r} [( 1 −^{λ1}_r

)_{e−} λ_{1r}

m_2 + ( 1 −^{λ2}_r

)_{e−} λ_{2r}

m_1 ]

V = −^{μk}_r

[_{e− λ1r}

m_2 + e^{− λ2}r m_1 ]

K_c =^{kR}_{2r2} [( 1 −^{λ1}_r ) e^{− λ1}r − ( 1 −^{λ2}_r ) e^{− λ2}r ]

V_c = −^k_r [ e^{− λ1}r − e^{− λ2}r ] (35)

where k = (Z_1Z_2e^2)/(4πε_0).

Now one may assume circular orbits for both the COM and motion about the COM and assume that both orbits have quantized angular momentum to obtain an expanded Bohr model of the two-body problem, which may be shown to be

E = − μZ^2e^4f(λ) 2(4πε_0)^2n^2_θh̄^2 h(λ) + k(λ) [ n^2_c μf(λ) Mg(λ)n^4_θ

] 1_3

(36)

with n_θ being the quantum number for the motion about the COM and n_c being the quantum

Entropy 2001 , 3 94

number of the motion of the COM and the functions of lambdas are given by the definitions

f(λ) = μ [( 1 −^{λ1}_r

)_e −λ_{1r}

m_2 + ( 1 −^{λ2}_r

)_e −λ_{2r}

m_1 ]

g(λ) = [( 1 −^{λ1}_r ) e^{−λ1}r − ( 1 −^{λ2}_r ) e^{−λ2}r ]

h(λ) = μ [( 1 +^{λ1}_r

)_e −λ_{1r}

m_2 + ( 1 −^{λ2}_r

)_e −λ_{2r}

m_1 ]

k(λ) = [( 1 −^{λ1}_r ) e^{−λ1}r − ( 1 −^{λ2}_r ) e^{−λ2}r ] . (37)

By putting Equations (37) in this form, it is easy to see that the vanishing of the lambdas reduces Equation (36) to the classical energy equation of Bohr’s theory.

The first-order approximation to the Bohr energy levels may be found by assuming that λ_1 = 0 and λ_2 is very small compared to r in Equations (35) and (37). Keeping only terms of the first order of λ_2/r negative cube roots are avoided and yields the first approximation of the energy as

E ∼ − μZ^2e^4 2(4πε_0)^2h̄^2 ( 1 − μ^2λ_2Ze^2 m_2(4πε_0)n^2_θh̄^2 ) . (38)

For the atomic hydrogen atom ionization energy a λ_2 of 1 fermi produces a prediction of the energy level that is approximately 2×10^{−5} different from Bohr’s model. Comparing this to the statement of experimental error of 5 × 10^{−5} makes it important to redo the ionization energy with reduced experimental error[16].

8 Using Schrödinger’s Wave Equation

An expanded Schrödinger-like wave equation may be developed using similar assumptions that Schrödinger used[32]. To be consistent with the energy expression of Equation (34), the de-Broglie relations for motion about the COM and for motion of the COM must be used. When this is done, and the required linear behavior and free system limit is met, the resulting wave equation ends up being

−^{h̄2}_μ^{∂2Ψ(x,X,t)}_{∂x2} + V (x, t)Ψ(x, X, t) −^{h̄2}_{2M}^{∂2Ψ(x,X,t)}_{∂X2} + V_c(x, t)Ψ(x, X, t) = ih̄^{∂Ψ(x,X,t)}_{∂t} .

(39)

The time-independent, expanded wave equation in cylindrical coordinates is then

−^{h̄2}_{2μ}^{∂2Ψ(r̄,R̄)}_{∂r̄2} + V (r̄, R̄)Ψ(r̄, R̄) −^{h̄2}_{2M}^{∂2Ψ(r̄,R̄)}_{∂R̄2} + V_c(r̄, R̄)Ψ(r̄, R̄) = EΨ(r̄, R̄)

(40)

where the potentials are those in Equations (35).

Entropy 2001 , 3 95

The estimate of the difference in prediction between the Bohr energy levels and the similar predictions of the non-singular potentials was 2 × 10^{−5} . In order to compare the energy levels with the Schrödinger energy levels the potentials of Equations (35) should be used in Equation (40).

The vector equation of Equation (40) may be solved by the method of separation of variables. First, by trying a solution of the form, Ψ(r̄, R̄) = Ψ(r̄)Ψ(R̄), one finds that Equation (40) separates into two sets of three equations each where one set depends upon (r, θ, ϕ) and the other set depends upon (R, Θ, Φ). The separation constant, E_c, is related to the COM kinetic energy.

The two sets of three equations may be separated further by trying Ψ(r̄) = Ψ_rΨ_θΨ_ϕ and Ψ(R̄) = Ψ_RΨ_ΘΨ_Φ. The solutions for Ψ_Θ and Ψ_Φ are identical to the solutions for Ψ_θ and Ψ_ϕ respectively with the separation constants m_L and L corresponding to the separation constants m_ℓ and ℓ.

The equation for Ψ_r becomes 1 r^2 d dr [ r^2 dΨ_r dr ] + 2μ h̄^2

[E − E_c − V (r) − V_c(r)] Ψ_r = ℓ(ℓ + 1)Ψ_r r^2 . Recognizing the potential difficulties of obtaining solutions with both V (r) and V_c(r) having transcendental terms, an investigation of the influence of the non-singular potentials may be conducted by assuming λ_1 ≪ r and λ_2 ≪ r.

Following the method of solving Schrödinger’s time-independent equation, the following definitions:

ρ = 2βr; β^2 =

2μ(E − E_c) h̄^2

; γ = μZe^2 4πϵ_0h̄^2β and λ = 2μZe^2 4πϵ_0h̄^2 [ (2m_1 + m_2)λ_1 (m_1 + m_2) − m_1λ_2 (m_1 + m_2) ] , together with the trial solution,

Ψ_r(ρ) = e^{−ρ/2}F (ρ) = e^{−ρ/2} [ ρ^s ∞∑ k=0 a_kρ^k ] , a_0 ≠ 0 and s ≥ 0,

requires that two relations must be met; namely

s(s + 1) = ℓ(ℓ + 1) + λ and a_{j+1} = s + j + 1 − γ (s + j + 1)(s + j + 2) − [ℓ(ℓ + 1) + λ] a_j .

Entropy 2001 , 3 96

In order to satisfy s ≥ 0, s = ℓ + δ where

δ = − ( ℓ + 1 2 ) 1 − 1 + λ (ℓ +^1_2 )^2 . Further, the series will terminate if γ − δ = n is an integer. The solution may then be put into the form E − E_c =

E_n ( 1 +^{2δ}_n

) ; where E_n =

−μZ^2e^4 (4πϵ_0)^22h̄^2n^2 . The COM radial equation has no potential terms and is 1 R^2 d dR ( R^2 dΨ_R dR ) + 2ME_c h̄^2

Ψ_R = L(L + 1)Ψ_R.

This equation has a Bessel function solution of the form

Ψ_R = R^{− 12} [C_1I_ν (αR)] where ν = 1 2 √ 1 + 4L(L + 1) and α = √| | | 2ME_c h̄^2 | | |. This solution does not fully establish the value of E_c. This value can be determined, but is not done here, by considering that Equation (33) requires that R̄ × r̂ = 0.

9 Using Relativistic Quantum Mechanics

To obtain a Lorentz covariant EOM, one must begin with a Lorentz covariant relation between energy and momentum[7, 25]. In special relativity, the energy, E, momentum, p, and rest mass, m, of a free particle are connected by the relation

E^2 = p^2c^2 + m^2c^4. (41)

Defining the four quantities P^μ = ( E c , p̄ )

and the corresponding quantities P_μ = ( E c , −p̄ )

shows that the quantity P_μP^μ is a Lorentz scalar. Using the summation convention, Equation (41) becomes P_μP^μ =

E^2 c^2

− p^2 = m^2c^2 (42)

Entropy 2001 , 3 97

For two free particles taken together as a system, the energy, momentum and mass should all be additive, that is E_s = E_1 + E_2; P̄_s = P̄_1 + P̄_2; M = m_1 + m_2.

For the two particle, free system, Equation (46) becomes

P_{sμ}P^μ_s =

E^2_s c^2

− P^2_s = M^2c^2 or (p_{1μ} + p_{2μ})(p^{1μ} + p^{2μ}) = (m_1 + m_2)^2c^2. (43) Equation (43) leads to a free system Klein-Gordon equation of the form [ h̄^2 (∂_{1μ} + ∂_{2μ}) (∂^μ_1 + ∂^μ_2 ) + (m_1 + m_2)^2c^2 ] Ψ(x) = 0 (44)

as the 2-particle, free system Klein-Gordon equation.

Equation (44) allows us to use natural units where the units of action and the speed of light may be set to unity.

Standard procedure of relativistic quantum mechanics allows one to seek a wave equation of the form i ∂ ∂t Ψ(x) = HΨ(x) (45)

where H is the system Hamiltonian.

A necessary (but not sufficient) condition that Equation (45) be Lorentz covariant is that the Hamiltonian, H, be linear in the spatial derivatives. When the Hamiltonian of the two body system is H = H_1 + H_2 = −(ᾱ_1 · P̄_1 + β_1m_1) − (ᾱ_2 · P̄_2 + β_2m_2).

For free particles, there is no distinction between the α’s and β’s, and the system’s Hamiltonian would be given by H = −[ᾱ · (P̄_1 + P̄_2) + β(m_1 + m_2)] (46) when there is no interaction between the particles.

The properties of the α’s and β would then be the same as developed classically or

α^2_1 = α^2 = α^2_3 = 1 β^2 = 1 {α_1, α_2} = {α_2, α_3} = {α_3, α_1} = α_3α_1 + α_1α_3 = 0 ᾱβ + βᾱ = 0

In the x-representation, the Hamiltonian equation becomes

i^∂_{∂t} Ψ(x) = [iᾱ · ( ¯∇_1 + ¯∇_2) − β(m_1 + m_2)]Ψ(x) (47)

Entropy 2001 , 3 98

where Ψ(x) =< x| > .

The two independent particle, free system Hamiltonain obeys the free system relativistic energymomentum equation, but the requirement of Lorentz covariance has not yet been imposed on the system.

Multiply Equation (47) on the left by the matrix β and remembering that the total Hamiltonian in Equation (46) is the sum of the Hamiltonian of each particle, results in

[i(∂_{1μ} + ∂_{2μ})γ^μ + m_1 + m_2]Ψ(x) = 0. (48)

Equation (48) may also be written as

[i∂_{θμ}γ^μ + m_θ] I^θϕ(x) = 0 (49)

where I =

(_1 1 ) . All inertial observers must agree on Equation (49). Now the properties of the matrices are the same as in the classical case in that

[γ^μ, γ^ν ] = 2g^{μν} = { 1, μ = ν = 0 −1, μ = ν = 1, 2, 3 as well as 0, μ ≠ ν and γ^{o+} = γ^0 (Hermitian) γ^{i+} = −γ^i. (anti − Hermitian) Just as under the Lorentz transformation,

x^{μ′} = L^μ_ν x^ν ,

each component of a vector transforms into a linear combination of all components, also require that each component of the wave function transforms into a linear combination of all four components; i.e.,

Ψ(x) ⃗LT Ψ^′(x^′) = SΨ(x) (spinor transformation)

where the symbol ⃗LT means ”transform under a Lorentz transformation into...”. S must be a 4 × 4 matrix. An inverse transformation is required to exist or S^{−1}S = SS^{−1} = I.

Now if Equation (49) is to be Lorentz covariant we must require that [ i∂^′_{θμ}γ^μ + m_θ ] I^θϕ^′(x^′) = 0 (50)

where ∂^′_{1μ} =^∂_{∂xμ11} so that the primed and unprimed inertial observers agree on the form of the Hamiltonian.

Entropy 2001 , 3 99

To obtain Equation (50) from (49) one must write Ψ(x) = S^{−1}Ψ^′(x^′) and ∂_μ =

∂x^{ν′} ∂x^μ

∂_ν′ = L^ν_μ∂_ν′ .

Putting these into Equation (53) gives [iL^ν_{θμ}∂_{θν} γ^μ + m_θ]I^θS^{−1}Ψ^′(x^′) = 0.

Multiplying on the left by S then gives [iL^ν_{θμ}∂_{1ν}′ Sγ^μS^{−1} + m_θ]I^θΨ^′(x^′) = 0, which would be identical to Equation (54) if L^ν_{1μ}Sγ^μS^{−1} = γ^ν and L^ν_{2μ}Sγ^μS^{−1} = γ^ν .

The Lorentz transformation should be the same for both particles so that L^ν_{1μ} = L^ν_{2μ} and then the spinor transformation is identical to the classical case for each particle and each leads to the same condition that must be imposed on the S matrix in order that the two particle Dirac equation be Lorentz covariant.

Notice that, by considering the two particles as a system, the total system angular momentum includes the total angular momentum of both particles and is to be conserved.

Now consider the situation where the two particles making up the system interact with each other with forces which do not only obey Newton’s Third Law yet neither body interacts with system’s surroundings.

Therefore, consider the substitution P_μ → P̃_μ − eA_μ(x) in the two particle, non-interacting, free system Hamiltonian. In the x-representation, this becomes i∂_μ → i∂_μ − eA_μ(x), so that the Equation (49) becomes [(i∂_{1μ} − e_1A_{2μ}(x) + i∂_{2μ} − e_2A_{1μ}(x))γ^μ + m_1 + m_2] Ψ(x) = 0. (51)

Entropy 2001 , 3 100

Equation (51) may also be written [ (i∂_{θμ}I^θ − e_θA^{T θ}_μ (x))γ^μ + m_θI^θ ] Ψ(x) = 0, (52)

where A^{T θ}_μ is the transpose of A^θ_μ.

When e_1 is the electric charge of the first particle, e_2 is the electric charge of the second particle, A_1 is the potential of the first particle, and A_2 is the potential of the second particle, then Equations (51) and (52) should describe the interaction between the two bodies making up the system which does not have any interactions with its surroundings.

Consider the problem to be separated into the motion of the COM and the motion about the COM. Then subscript 1 ⇒ r, θ, ϕ with A_{1μ}(r, θ, ϕ) and A_{2μ}(r, θ, ϕ) and subscript 2 ⇒ R, Θ, Φ.

Recalling that one of the requirements on the free system Hamiltonian was that its solutions also be solutions of the free system Klein-Gordon equation, it should be of some interest to see whether or not the solutions of Equation (52) are also solutions of the corresponding Klein-Gordon equation. Since the Klein-Gordon equation is a second-order differential equation, whereas the Hamiltonian is of first-order, it will be necessary to operate on the latter with first order differential operators in order to cast it into a form similar to the Klein-Gordon equation. If we operate on the left of Equation (52) with the operator

[(i∂_{θμ}I^θ − e_θA^{T θμ} (x))γ^μ − (m_θI^θ)],

we obtain [ (i∂_{θμ}I^θ − e_θA^{T θμ} )γ^μ(i∂_{θν} I^θ − e_θA^{T θν} )γ^ν − (m_θI^θ)^2 ] Ψ(x) = 0. (53)

The corresponding Klein-Gordon equation comes from Equation (44) with the substitution ∂_μ → ∂_μ − eA_μ. Then we would have [ (i∂_{θμ}I^θ − e_θA^{T θ}_μ )(i∂^μ_θ I^θ − e_θA^{T θμ}) − (m_θI^θ)^2 ] Ψ(x) = 0. (54)

We notice that in Equation (53) we have

γ^μγ^ν = 1 2 [γ^μ, γ^ν ] + 1 2 [γ^μ, γ^ν ] = g^{μν} = σ^{μν}

where g^{μν} =^1_2 [γ^μ, γ^ν ] which may be shown to be σ^{oi} =^1_2 [γ^0γ^i − γ^iγ^0]. But i dα dt = [α, H] and H = −[ᾱ · P̄_θ + βm_θ]I^θ then γ^0S = γ^0[γ̄ · P̄_θ − m_θ]I^θ.

Entropy 2001 , 3 101

Now let ᾱ = x̄^i_1 + x̄^i_2 = x̄_θI^θ, then look at

ẋ^i_θI^θ = −i[(x^i_1 + x^i_2), γ^0H] = −i[(x^i_1 + x^i_2), γ^0γ̄ · (P̄_1 + P̄_2) − γ^0(m_1 + m_2)] = −i[(x^i_1 + x^i_2), γ^0(−γ^j P_{1j} − γ^j P_{2j})] = i{γ^0γ^j [x^i_1, P_{1j}] + γ^0γ^j [x^i_2, P_{2j} ]} = i{γ^0γ^j (−ih̄δ_{ij}) + γ^iγ^j(−ih̄δ_{ij} )} = 2γ^0γ^i

or ẋ_θI^θ = 2γ^0γ^i. (55)

Therefore, Equation (55) gives us σ^{oi} =^1_2 (ẋ^i_1 + ẋ^i_2) =^1_2ẋ_θI^θ.

On the other hand σ^{ij} = −2iS^k (i, j, k cyclic), but with two particles in the system this should be written σ^{ij} = −i(S^k_1 + S^k_2 ) = −iS^k_θ I^θ. (56)

Putting Equations (54-56) into Equation (53) we find

[(i∂_{1μ} − e_1A_{2μ} + i∂_{2μ} − e_2A_{1μ})(i∂_{1μ} − e_1A_{2μ} + i∂_{2μ} − e_2A_{1μ})(g^{μν} + σ^{μν} ) − (m_1 + m_2)^2]Ψ(x) = [(i∂_{1μ} − e_1A_{2μ} + i∂_{2μ} − e_2A_{1μ})(i∂^μ_1 − e_1A^μ_2 + i∂^μ_2 − e_2A^μ_1 ) − (m_1 + m_2)^2 + (i∂_{1μ} − e_1A_{2μ} + i∂_{2μ} − e_2A_{1μ})(i∂_{1ν} − e_1A_{2ν} + i∂_{2ν} − e_2A_{1ν} )σ^{μν} ]Ψ(x) = 0.

or [ (i∂_{θμ}I^θ − e_θA^{T θ}_μ )(i∂^μ_θ I^θ − e_θA^{T θμ}) − (m_θI^θ) +(i∂_{θμ}I^θ − e_θA^{T θ}_μ )(i∂_{θν} I^θ − e_θA^{T θ}_μ )(i∂_{θν} I^θ − e_θA^{T θ}_ν )σ^{μν} ] Ψ(x) = 0 (57)

Most of the terms involving the matrices σ^{μν} vanish. This is because the scalar product of a symmetric and an anti-symmetric tensor vanishes. That is, if S^{μν} and T^{μν} satisfy S^{μν} = S^{νμ}, T^{μν} = −T^{νμ} then S_{μν} T^{μν} = 0.

In Equation (57), the quantity σ^{μν} is anti-symmetric under interchange of μ and ν. The terms involving −ie_1∂_{1μ}A_{2ν} σ^{μν} Ψ(x) = −ie_1σ^{μν} Ψ(x)(∂_{1μ}A_{2ν} ) − ie_1A_{2ν} ∂_{1μ}σ^{μν} Ψ(x) are also antisymmetric. Now let us write out the coefficient of σ^{μν} in Equation (57):

(−∂_{1μ}∂_{1ν} − i∂_{1μ}e_1A_{2ν} − ∂_{1μ}∂_{2ν} − i∂_{1μ}e_2A_{1ν}

− ie_1A_{2μ}∂_{1ν} + e_1A_{2μ}e_1A_{2ν} − ie_1A_{2μ}∂_{2ν} + e_1A_{2μ}e_2A_{1ν} − ∂_{2μ}∂_{1ν} − i∂_{2μ}e_1A_{2ν} − ∂_{2μ}∂_{2ν} − i∂_{2μ}e_2A_{1ν} − ie_2A_{1μ}∂_{1ν} + e_2A_{1μ}e_1A_{2ν} − ie_2A_{1μ}∂_{2ν} + e_2A_{1μ}e_2A_{1ν} ).

Entropy 2001 , 3 102

Obviously the terms −∂_{1μ}∂_{1ν} , −∂_{2μ}∂_{2ν} , e^2A_{1μ}A_{1ν} , and e^2_1A_{2μ}A_{2ν} are symmetric so they may be dropped. Combining terms leads to

[−i∂_{1μ}(e_1A_{2ν} + e_2A_{1ν} ) − (∂_{1μ}∂_{2ν} + ∂_{2μ}∂_{1ν} ) − ie_1A_{2μ}(∂_{1ν} + ∂_{2ν} ) + 2e_1e_2(A_{2μ}A_{1ν} ) − i∂_{2μ}(e_1A_{2ν} + e_2A_{1ν} ) − ie_2A_{1μ}(∂_{1ν} + ∂_{2ν} )].

The terms −(∂_{1μ}∂_{2ν} + ∂_{2μ}∂_{1ν} ) and e_1e_2(A_{2μ}A_{1ν} + A_{1μ}A_{2ν} ) are symmetric under an interchange of μ and ν. The following is left

[ie_1(∂_{1μ} + ∂_{2μ})A_{2ν} − ie_2(∂_{1μ} + ∂_{2μ})A_{1ν} − i(e_1A_{2μ} + e_2A_{2μ})(∂_{1ν} + ∂_{2ν} )].

Using −ie_1∂_{1μ}A_{2ν} σ^{μν} Ψ = −ie_1σ^{μν} Ψ(∂_{1μ}∂_{2ν} ) − ie_1A_{2ν} ∂_{1μ}σ^{μν} Ψ −ie_1∂_{2μ}A_{2ν} σ^{μν} Ψ = −ie_1σ^{μν} Ψ(∂_{2μ}∂_{2ν} ) − ie_1A_{2ν} ∂_{2μ}σ^{μν} Ψ −ie_2∂_{1μ}A_{1ν} σ^{μν} Ψ = −ie_2σ^{μν} Ψ(∂_{1μ}A_{1ν} ) − ie_2A_{1ν} ∂_{1μ}σ^{μν} Ψ −ie_2∂_{2μ}A_{1ν} σ^{μν} Ψ = −ie_2σ^{μν} Ψ(∂_{2μ}A_{1ν} ) − ie_2A_{1ν} ∂_{2μ}σ^{μν} Ψ leads to [−ie_1 σ^{μν} Ψ(∂_{1μ}A_{2ν} + ∂_{2μ}A_{2ν} ) − ie_2σ^{μν} Ψ(∂_{1μ}A_{1ν} + ∂_{2μ}A_{1ν} ) − ie_1A_{2ν} (∂_{1μ} + ∂_{2μ})σ^{μν} Ψ − ie_2A_{1ν} (∂_{1μ} + ∂_{2μ})σ^{μν} Ψ − ie_1A_{2μ}(∂_{1ν} + ∂_{2ν} )σ^{μν} Ψ − ie_2A_{1μ}(∂_{1ν} + ∂_{2ν} )σ^{μν} Ψ].

In the last four terms the coefficients of σ^{μν} are symmetric in an interchange of μ and ν so only the first two terms remain. These may be written in symmetric and anti-symmetric form since

∂_μA_ν = 1 2 (∂_μA_ν + ∂_ν A_μ) + 1 2 (∂_μA_ν − ∂_ν A_μ).

Only the anti-symmetric part will survive. Rewriting Equation (57) as

[(i∂_{1μ} − e_1A_{2μ} + i∂_{2μ} − e_2A_{1μ})(i∂^μ_1 + e_1A^μ_2 + i∂^μ_2 − e_2A^μ_1 ) − (m_1 + m_2)^2 − ie_1σ^{μν} (∂_{1μ}A_{2ν} − ∂_{1ν} A_{2μ}) − ie_1σ^{μν} (∂_{2μ}A_{2ν} − ∂_{2ν} A_{2μ}) − e_2σ^{μν} (∂_{1μ}A_{1ν} − ∂_{1ν} A_{1μ}) − ie_2σ^{μν} (∂_{2μ}A_{1ν} − ∂_{2ν} A_{1μ})]Ψ = 0.

Defining B^β_{θμν} = ∂_{θμ}A^{T β}_ν − ∂_{θν} A^{T β}_μ this may be written as [( i∂_{θμ}I^θ − e_θA^{T θ}_μ ) ( i∂^μ_θ I^θ − e_θA^{T θμ} ) − ( m_θI^θ

)_2

− iσ^{μν} e_βB^β_{θμν} I^θ ] Ψ(x) = 0. (58)

Equation (58) appears to be a very interesting equation. Typically the fields F_{μν} = ∂_μA_ν −∂_ν A_μ are identified as the electromagnetic field and the result is the Klein-Gordon equation with fields.

Entropy 2001 , 3 103

Here the derivatives and gauge potentials are mixed so care must be taken when interpreting the terms. Also remember

σ^{μν} =

0 ẋ_1 + ẋ_2 ẏ_1 + ẏ_2 ż_1 + ż_2 −ẋ_1 − ẋ_2 0 −2i(S_1 + S_2)^3 2i(S_1 + S_2)^2 −ẏ_1 − ẏ_2 2i(S_1 + S_2)^3 0 −2i(S_2 + S_2)^1 −ż − ż −2i(S_1 + S_2)^2 2i(S_1 + S_2)^1 0

or this may be written as σ^{μν} = σ^{μν}_θ I^θ.

Notice that should both particles have spin ±1/2 the total system spin, which is S = S_1 + S_2 = S_θI^θ, must take on the values −1, 0, or 1, similar to the values allowed for isospin. A system with three spin 1/2 particles would take on values of −3/2, −1/2, 1/2, or = 3/2.

Perhaps Equation (58) may best be understood by considering the motion ABOUT the COM and the motion OF the COM as being our two motions. Further, consider the two particle system for which the potentials of Equations (35), hold. Now consider the two extremes of, first, the motion OF the COM is small compared to the motion ABOUT the COM. This would be the case when the particle separation is large compared to the larger of the λ’s. In this case it may be seen that, in Equation (35), the COM potential vanishes, and the remaining potential about the COM approaches the classical electrostatic potential. Further, Equation (52) collapses to the classical Dirac equation for the motion of a particle in the field of another. Next, consider the case when the particle separation is of the order of the two λ’s and the motion ABOUT the COM may be neglected. In this case the potential ABOUT the COM is being driven to zero by the exponents while the potential of the COM is becoming dominant. Notice that the potentials at large separations produce a dominant negative potential, as in the hydrogen atom. Separations of the order of the λ’s produce a very sharp positive potential which returns to zero as the separations become less than the smaller of the λ’s. This sets up the condition whereby the COM may be trapped in a positive energy well from which it may escape through tunneling.

In order to see this conclusion, consider the plot of the potential of the center of mass in Equation (39), V_c in Figure 2.

Consider the extension of the above to a system of three particles interacting yet having no outside fields influencing their motions. This would lead to the three momenta P̃_{1μ} = P_{1μ} − e_1(A2_μ + A3_μ) P̃_{2μ} = P_{2μ} − e_2(A3_μ + A1_μ) P̃_{3μ} = P_{3μ} − e_3(A1_μ + A2_μ)

or P̃_{θμ} = P_{θμ} − e_θC^{βγ}_μ with the definition C^{βγ}_μ = A^β_μ + A^γ_μ, where θ, β, and γ are cyclic. Then Equation (52) may be written [( i∂_{θμ}I^θ − e_θC^{βκ}_μ ) γ^μ + m_θI^θ ] Ψ(x) = 0 (59)

Entropy 2001 , 3 104

Figure 2: COM Potential for λ_1 ≫ λ_2.

Entropy 2001 , 3 105

where θ, β, and γ are cyclic. By defining B^{ηβκ}_{θμν} = ∂_{θμ}C^{ηβκ}_ν − ∂_{θν} C^{ηβκ}_μ Equation (58) becomes [( i∂_{θμ}I^θ − e_θC^{βκ}_μ ) ( i∂^μ_θ I^θ − e_θC^{βκμ} ) − ( m_θI^θ ) − iσ^{μν} e_ηB^{ηβκ}_{θμν} I^θ ] Ψ(x) = 0 (60)

where θ, β, κ, and η range from 1 to 3 and θ, β, and η are cyclic.

Equation (60) represents the Klein-Gordon equation for three particles when one particle is different from the other two. However, for three like particles it remains valid, but has some terms that vanish due to the equal and opposite forces.

The extension to N particles should follow readily and would provide for solving the internal motions of a system made up of N particles interacting relativistically with each other in the absence of external forces. The discussion of the two-particle system above led to the conclusion that when, all motion is taken to be motion OF the COM, the potential well formed was a positive energy well which would allow the calculation of the lifetime of the state. This would argue that an N-particle system, for which the COM is required to move, that any bound state of the COM might also be trapped in a positive energy well. The lifetimes of these states would then be subject to calculation.

10 Gauge Fields and Gravity

The preceeding sections have shown how the Dynamic Theory, through Weyl’s quantum principle, leads to a non-singular electrostatic potential. A unification of the electromagnetic and the nuclear forces was then required by this non-singular potential. Further, it should be noted that the only geometry that has been discussed was related to Weyl’s geometrical gauge function. A geometrical gauge function produces gauge forces but does not produce, or is not produced by, a Riemannian curvature. Therefore, the gauge forces discussed in the previous sections cannot incorporate gravitational forces that are described by a Riemannian curvature.

However, the first and second laws that provide the basis for the predictions of the previous sections are not limited to a specific number of work terms. They would provide an equally powerful and consistent basis for a five dimensional theory as for one in four dimensions. This sections briefly displays the use of the laws in a five dimensional space and shows how a restriction on a manifold with only gauge forces can lead to forces described by a Riemannian curvature.

Several researchers used an extension into five dimensions in their search to unify the electromagnetic, nuclear and gravitational forces[18, 35, 26, 15, 14, 8, 22]. However, in each of these attempts, the real world was thought to be described in the four dimensions of space and time and the fifth dimension was used in order to get additional degrees of freedom to work with in their search for the unifying field. On the other hand, numerous researchers used the basis of quantum mechanics in their research into the unification of the various forces of Nature[36, 31, 20, 38]. Neither approach has produced the desired unification.

Entropy 2001 , 3 106

Consider combining these two areas of research in the following manner. Let a five-dimensional manifold have some physical reality in all five dimensions. The first four are the four of space and time as used in Einstein’s General Theory of Relativity. The physical manifestation of the fifth dimension is to be learned during this investigation. Whatever the fifth dimension turns out to be, requiring it to be conserved will embed a four-dimensional hypersurface into the five-dimensional manifold.

The starting point of this investigation is the exponent of the non-integrable Weyl factor l = l_0exp

[_1 γ ∫ ϕ_jdx^j ] . The quantum principle requires this exponent to be quantized as in ∫ ϕ_j dx^j = i2πN where the i on the right hand side indicates an imaginary value and the summation convention is to be applied to the j’s. Here the indices are to be considered to range from 0 to 4, with 0, (1, 2, 3) and 4 representing time, space and the new fifth dimension respectively. Just as Weyl showed the gauge fields may be derived from these gauge potentials and the components of the 5-dimensional field tensor may be written in matrix form as

F_{ij} =

| | | | | | | | | | |

0 E_1 E_2 E_3 V_0 −E_1 0 B_3 −B_2 V_1 −E_2 −B_3 0 B_1 V_2 −E_3 B_2 −B_1 0 V_3 −V_0 −V_1 −V_2 −V_3 0

| | | | | | | | | | | .

For simplicity, all the field components may be set to zero except for the V_0 component. The surface field tensor will be given by F_{αβ} = F_{ij} y^i_αy^j_β where y^i_α =^{∂yi}_{∂xα} = δ^i_α for i = 0, 1, 2, 3 and y^4_α =^{∂y4}_{∂xα} . The space indices, i, j, k range over 0, 1, 2, 3, 4 while the surface indices α, β, η, ν only take on values of 0, 1, 2, 3. The surface metric is found from g_{αβ} = a_{ij} y^i_αy^j_β = a_{αβ} + h_{αβ} where h_{αβ} = 2a_{α4}y^4_β + a_{44}y^4_αy^4_β.

The space energy-momentum tensor for matter under the influence of gauge fields is given by T^{ij}_{sp} = γu^iu^j +^1_{c2} [ F^i_kF^{kj} +^1_4 a^{ij} F^{kl}F_{kl} ] and may be written in terms of the surface metric as T^{αβ}_{sp} = γu^αu^β +^1_{c2} [ F^α_k F^{kβ} + F^α_4 F^{4β} +^1_4 ( g^{αβ} − h^{αβ} ) (F^{μν} F_{μν} + F^{4ν} F_{4ν} ) ] since u^4 ≡^{dy4}_{dt} =

∂y^4

∂t + ¯∇ • (y^4ū) = 0 is the statement required by the conservation of the fifth dimension.

The surface energy-momentum tensor may now be found within the space tensor and written T^{αβ} = T^{αβ}_{sp} −^1_{c2} [ F^α_4 F^{4β} −^1_2 h^{αβ}F^{4ν} F_{4ν} ] . The form of this expression for the surface energymomentum tensor suggests writing

CT^{αβ} ≡ G^{αβ} ≡ R^{αβ} − 1 2 g^{αβ}R (61)

which, of course, look like the field equations of Einstein’s General Theory of Relativity, when Equations (61) are taken to be Einstein’s field equations, G^{μν} = −^{8πκ}_{c2} T^{μν} where κ is the gravitational constant. Then the field V_0, which is the only non-zero field component considered, must

Entropy 2001 , 3 107

be related to the gravitational field and the fifth gauge potential must be related to the gravitational potential. Therefore, the physical reality of the fifth dimension is gravitating mass or its equivalent, mass.

11 The Gravitational Schrödinger’s Equation

The preceding section showed that the conservation of mass embeds a four dimensional hypersurface within a five dimensional manifold of space, time and mass. It was also shown that the description of the surface must obey Einstein’s equations of his General theory of Relativity. A description may also be obtained from the surrounding five dimensional manifold. Weyl’s Gauge Principle has been applied to the four dimensional, non-integrable manifold to specify a description of motion for which the gauge is a constant. The same may be done in five dimensions. In the case where the electrostatic potential is taken to be zero, a non-zero, non-singular gravitational potential may be left which has the same dependence upon radial distance as the electrostatic potential previously discussed. Then Weyl’s Principle applies to this potential when integrable paths are desired and it should be no surprise that the same logical approach produces a gravitational Schrödinger-like equation where the only differences are the use of the gravitational potential and a gravitational unit of action.

When this is done, and the required linear behavior and free system limit is met, the resulting gravitational wave equation ends up being

−^{h̄2g}_μ^{∂2Ψ(x,X,t)}_{∂x2} + V (x, t)Ψ(x, X, t) −^{h̄2g}_{2M}^{∂2Ψ(x,X,t)}_{∂X2} + V_c(x, t)Ψ(x, X, t) = ih̄_g^{∂Ψ(x,X,t)}_{∂t} .

(62)

The time-independent, expanded wave equation in cylindrical coordinates is then

−^{h̄2g}_{2μ}^{∂2Ψ(r̄,R̄)}_{∂r̄2} + V (r̄, R̄)Ψ(r̄, R̄) −^{h̄2g}_{2M}^{∂2Ψ(r̄,R̄)}_{∂R̄2} + V_c(r̄, R̄)Ψ(r̄, R̄) = E_gΨ(r̄, R̄)

(63)

where the potentials are gravitational potentials of the same form as the electrostatic potentials in Equations (35).

The vector equation of Equation (63) may be solved, just as before, by the method of separation of variables. First, by trying a solution of the form, Ψ(r̄, R̄) = Ψ(r̄)Ψ(R̄), one finds that Equation (63) separates into two sets of three equations each where one set depends upon (r, θ, ϕ) and the other set depends upon (R, Θ, Φ). The separation constant, E_c, is related to the COM kinetic energy.

The two sets of three equations may be separated further by trying Ψ(r̄) = Ψ_rΨ_θΨ_ϕ and Ψ(R̄) = Ψ_RΨ_ΘΨ_Φ. The solutions for Ψ_Θ and Ψ_Φ are identical to the solutions for Ψ_θ and Ψ_ϕ

Entropy 2001 , 3 108

respectively with the separation constants m_L and L corresponding to the separation constants m_ℓ and ℓ.

The equation for Ψ_r becomes 1 r^2 d dr [ r^{2 dΨr}_{dr} ] +^{2μ}_{h̄2g} [E − E_c − V (r) − V_c(r)] Ψ_r =^{ℓ(ℓ+1)Ψr}_{r2} .

Recognizing the possible difficulties of obtaining solutions with both V (r) and V_c(r) having transcendental terms, an investigation of the influence of the non-singular potentials may be conducted by assuming λ_1 ≪ r and λ_2 ≪ r.

Following the method, previously used for solving Schrödinger’s time-independent equation, the following definitions:

ρ = 2βr; β^2 =^{2μ(E−Ec)}_{h̄2g} ; γ =^{μGm1m2}_{h̄2g β} and λ =^{2μGm1 m2}_{h̄2g}

[_{(2m1 +m2)λ1}

(m_1+m_2) − m_1λ_2 (m_1+m_2) ] , together with the trial solution, Ψ_r(ρ) = e^{−ρ/2}F (ρ) = e^{−ρ/2} [ ρ^s

∑_∞

k=0 a_kρ^k ] , a_0 ≠ 0 and s ≥ 0, requires that two relations must be met; namely s(s + 1) = ℓ(ℓ + 1) + λ and a_{j+1} =^{s+j+1−γ}

(s+j+1)(s+j+2)−[ℓ(ℓ+1)+λ] aj .

In order to satisfy s ≥ 0, s = ℓ + δ where

δ = − ( ℓ +^1_2 ) [ 1 − √ 1 +^λ_{(ℓ+ 12 )2} ] . Further, the series will terminate if γ − δ = n is an integer. The solution may then be put into the form E − E_c =^{En}(_{1+ 2δn} ); where E_n =^{−μ(Gm1 m2)2}_{2h̄2g n2} .

The COM radial equation has no potential terms and is 1 R^2 d dR ( R^{2 dΨR}_{dR} ) +^{2MEc}_{h̄2g} Ψ_R = L(L + 1)Ψ_R.

This equation has a Bessel function solution of the form

Ψ_R = R^{− 1}2 [C_1I_ν (αR)] where ν =^1_2 √ 1 + 4L(L + 1) and α = √| | | |^{2MEc}_{h̄}^2_g | | | |. This solution does not fully establish the value of E_c. This value can be determined, but is not done here, by considering that Equation (33) requires that R̄ × r̂ = 0.

Entropy 2001 , 3 109

11.1 Limiting Case Solutions

In the limit where λ_1 = λ_2 = 0, it may easily be seen that the above solution collapses back to a solution for the gravitational problem just as the solution for the electrostatic case. That is, in solving the Ψ_ϕ(ϕ) equation, we shall find that the equation has acceptable solutions only for certain values of m_l. Using these values of m_l in the equation for Ψ_θ(θ), it turns out that this equation has acceptable solutions only for certain values of l. With these values of l in the equation for Ψ_r(r), this equation is found to have acceptable solutions only for certain values of the total energy, E; that is, the energy of the gravitational orbits is quantized! In exactly the same manner as in the atomic case, the angular momentum and the energy are both quantized functions. This fact allows one to write

mr^{2 dθ}_{dt} = angular momentum = nh̄_g and^1_2 m

(_{dr} dt )_2

+^{n2h̄2g}_{2mr2} + V (r) = E.

These equations provide the elliptical solutions familar to planet orbits. There the semi-major axis is given by a = | | |^{−GMm}_{2E} | | | and the eccentricity may be found as ξ =^2 √ 1 +^{2En2h̄2g}

m(GMm)^2 . From the

expression for the eccentricity, one may anticipate that this property of planetary orbits will not be quantized.

For the quantum numbers n, l and m_l, there are many possible quantum states to find the planetary orbits to be in. The solar system with all the planets and comets may also be considered as a multi-planet system with all the similar potential relations between the planets as has been seen for the multi-electron atoms. Here there is an increased complexity and richness of possibilities in the differing properties of each planet. These solutions may allow classifying stars in the universe as the atoms are now classified; that is, there may be a periodic table of stars.

Those who have not read of the data supporting the quantization of the solar system may wish to look in Dr. Halton Arp’s book ”Seeing Red” published by Apeiron (1998). The quantized orbits of the planets, taken individually as a single planet system, would show quantized semimajor axis as a_n = | | |^{GMmh̄} 2 g n^2 μ(GMm)^2 | | | = | | |^{h̄} 2 g n^2 μGMm | | |. If the experimental value of a_n for the Earth is taken with the Earth’s quantum number, 5, then the value of the gravitational unity of action for the solar system would be h̄_g =^2

√_{a5μE GMmE} 25 ∼= 5.32x1039J-sec.

The red shifts due to the five dimensional, time dependent, non-singular gravitational potentials has been worked out[48]. When these are taken to be quantized potentials, one finds the red shifts must exhibit different types of quantization. The quantized red shift relation is

z_n = exp [ (_{−G}

c^2 ) ( n_rM_r e −λr Rr R_r − n_eM_ee −λe Re R_e ) + (_{nr HL} c ) e^{−λrR}r ] − 1 where the subscript r refers to conditions and time of photon reception and the subscript e denotes the conditions of the photon emission.

Entropy 2001 , 3 110

There are now two types of quantization and both may be put into the form of ratios as

Z_{(nr +k)}+1 Z_{nr} +1 = exp [ (_{−G}

c^2 ) ( M_re −λr Rr R_r ) + (_{HL} c ) e^{−λrR}r

]_{nrk}

for the quantization associated with the gravia-

tional potential where the red shifted light is received, and^{Z(ne+k)+1}_{Zne +1} = exp [( G c^2

) (_{Mee}^{−λ}e_{Re}

R_e

)]_{nek} for the quantization of the gravitational potential where the red shifted light is emitted. For the cases where λ_e ≪ R_e and λ_r ≪ R_r there is some simplification of these ratios. In the limit of a very dense emitter close to the point of reception, one obtains^{Z(ne+k)+1}_{Zne +1} = exp [(_G c^2

) (_{Me}

R_e

)]_{nek}

= X^{nek}.

One should expect that a non-singular gravitational potential will have a maximum gravitational potential that can be obtained. Then X would be given by the maximum allowed exponent. On the other hand, suppose one looks at the low red shift limit, where the distance between the emitter and the point of reception dominates. Then one finds^{Z(nr +k)+1}_{Znr +1} = exp

[(_{HL} c ) e^{−λrR}r

]_{nr k} . From this expression it is easy to see that a cluster of emitters at roughly the same distance will display a quantized red shift according to that distance.

Arp discusses red shift quantization at 72 km/sec periodicity, 32.5 periodicity and quantization such that^{Z(nr+k)+1}_{Znr +1} = (1.228)^{nr k}. The first two might be distance quantization while the later might be the quantized red shifts from emitters near maximum gravitational density.

12 Light Quanta

The presentation to this point has shown how the Dynamic Theory offers a new view of dynamic mechanical systems. Questions naturally arise concerning the predictive ability of the theory that may not be completely answered in the sections above. This section presents an example of how the theory provides new approaches to old problems. The problem chosen is the century old apparent theoretical dichotomy between the wave and particle description of light.

The concept of a photon started with Einstein’s light quanta.[9] The concept has been the subject of many articles since 1905. The name photon was first introduced by Lewis 21 years later.[19] However, both Planck’s[28] and Einstein’s derivations of the famous relation between energy and frequency, ϵ = hν, came from studies of radiation in thermal equilibrium with a system described by statistical thermodynamics. In 1917 Einstein wrote, ‘The properties of elementary processes required by [his momentum fluctuation relation] make it seem almost inevitable to formulate a truly quantized theory of radiation.’[12] Einstein was not, and never would be satisfied, with his and others, inability to obtain such a theory. In 1924, after the experimental evidence of the Compton Effect provided proof of the quantization of light, he wrote, ‘There are therefore now two theories of light, both indispensable, and—as one must admit today despite twenty years of tremendous effort on the part of theoretical physicists—without any logical connection.’[13]

Entropy 2001 , 3 111

Weyl’s quantum principle may be used to derive Maxwell’s electromagnetic field equations.[38] These, in turn, may be used to derive the electromagnetic wave equations. At the same time the quantum principle requires that the gauge potentials be quantized since ∫ N_j ϕ_jdx^j = 2πiN where i = √ −1 and there is no summation over the j’s. The radial electrostatic dependence may be investigated by considering N_o to be nonzero and N_x=N_y=N_z=0. The concept of a photon, as a particle, is one that is electrically neutral. The wave description allows the discussion of polarization such that an electromagnetic wave traveling along the x axis may have its electric field directed along the y axis. Then, consider N_o=N_x=N_z=0. The quantum principle requires that the y component of the gauge (vector) potential be quantized, as ϕ_y = NB cos 2π

(_x

λ − νt ) where the dependence upon x and t was chosen to be sure that the electric field, given by ξ (x, t) =

∂ϕ_y (x,t) ∂(ct) = NBν c^2 sin 2π

(_x

λ − νt ) , satisfies the wave equations. This expression may be used to find the average value of the Poynting vector, or I =

(_1

μ_o ) ⟨ξ^2⟩. The average value of the square of electric field, over one cycle, is given by ⟨ξ^2 (x, t)⟩ =^{N 2B2ν2}_{c3}

∫_{t=}^1_ν

t=0 sin^2 2π

(_x

λ − νt ) dt =^{N 2B2ν}_{2c2} .

Therefore, I =

(_{N 2B2}

2μ_oc^3 ) ν. Now a quantum of light for which N=1 would have an energy flow of I = hν when B = √ 2μ_ohc^3. Einstein’s energy relation, for a single light quantum passing through a unit area, is then ϵ = hν.

13 Conclusions

The first result displayed was that the quantum principle requires the gauge potentials of particles to be quantized in integer steps. This quantization leads to non-singular gauge potentials, which may be different for different particles. These results argue that the quantum principle provides more information than previously tapped. The appearance of non-singular potentials removes the problems requiring renormalization.

Section VII points out that while the description of two different particles, interacting through their gauge potentials, may not be reduced to a problem of a single particle in an electric field fixed in space, the two-particle problem is solvable.

Section VIII displays a method for solving the Schrödinger wave equation extended so as to describe the interaction between two different particles. Further, this section evaluates the firstorder deviation in the energy predictions between the classical and the non-singular potentials and determines this value to be within the experimental error of past energy experiments.

Section IX presents a relativistic approach to the gauge interactions between unlike particles. The equations for the two-particle system appear as generalizations of the equations currently used in the electro-weak theories. The total spin of the two-particle system appears to play a role identical to that of isospin.

When the three-particle system is addressed, the resulting equations appear as generalizations

Entropy 2001 , 3 112

of the Su(3) group. Again, the total spin plays a role identical to isospin.

There are many possible conclusions these results may support. The more obvious ones might be: 1) the phenomena currently allocated to description by weak nuclear forces may be described by the difference between the non-singular potentials of the particles,

2) the strong force may be due to the non-singular nature of the potentials and not due to an independent force, and

3) isospin is simply the total spin of an n-particle system.

Section X points out that a 5-dimensional gauge field may be described by a 4-dimensional curved surface embedded into the 5-dimensional manifold by an appropriate restriction. The 5-dimensional gauge field in a manifold of space-time-mass derived from the gauge principle, may have a 4-dimensional hypersurface embedded into in by the conservation of mass. On the hypersurface, Einstein’s gravitational field equations must be satisfied. Therefore, there exists three ways of describing phenomena on the hypersurface:

1) a gauge field description from the 5-D manifold of space-time-mass with the restriction of conservation of mass,

2) a geometric surface description using tangents to the surface to form the surface metric (the first fundamental quadratic form of the surface), and

3) a geometric surface description using the normal to the surface to form the surface metric (the second fundamental quadratic form of the surface).

The use of the quantum principle to determine the quantized particle gauge potentials and their non-singular character argues that the weak and strong nuclear forces are the result of this non-singular character. It further argues that the gravitational field is a gauge field linked to the electromagnetic field in a 5-dimensional manifold of space-time-mass, but, when conservation of mass is imposed, it may be described by the geometry of the 4-D hypersurface of space-time, embedded into the 5-D manifold by the conservation of mass.

A photon may be defined as a gauge vector potential with the quantum number set to unity and which satisfies the wave equation. Further, the light quanta comes from Weyl’s quantum principle which also provides the basis for radiation and needs no connection to statistics or thermodynamics. Weyl’s quantum principle provides the logical connection that Einstein was trying to find.

Entropy 2001 , 3 113

References [1] J. Brault. PhD thesis, Princeton University, 1960.

[2] C. Carathéodory. Untersuchungen überdie grundlagen der thermodynamik. Math Ann, 67(355), 1909.

[3] J. Chadwick and E.S. Bieler. Phil. Mag., 42:923, 1921.

[4] Conf. on New Theories. On the Theory of Charged Fields, Kazimierz, Poland, 1939. [5] T.E. Cranshaw, J.P. Schiffer, and A.B. Whitehead. Measurement of the gravitational redshift using the mössbauer effect. Phys. Rev. Letters, 4:163–164, 1960.

[6] R.E. Dicke. Relativity, groups, and topology. Experimental Relativity, 1964. [7] P. Dirac. Proc. Roy. Soc., A117, A118:610, 351, 1928.

[8] Einstein, V. Bargmann, and P.G. Bergmann. Theodore von karman anniversary volume, 1942. 212.

[9] A. Einstein. Zur electrodynamik bewegter körper. Annalen der Physik, 17, 1905. [10] A. Einstein. Über den einfluss der schwerkraft auf die ausbreitung des lichtes. Annelen der Physik, 35, 1911.

[11] A. Einstein. Die grundlage der allgemeinen relativitätstheorie. Annalen der Physik, 49, 1916. [12] A. Einstein. Phys. zeitschr., 1917.

[13] A. Einstein. Berliner tageblatt, 1924. 20 April.

[14] A. Einstein and P. Bergmann. Ann. Of Math, 1938. vol. 39, p. 683. [15] A. Einstein and Mayer. Berl. Ber., 1931, 1932. pp. 541, 130.

[16] Robert Eisberg and Robert Resnick. Quantum Physics of Atoms, Molecules, Solids, Nuclei, and Particles. John Wiley & Sons, 2nd Ed., 1985.

[17] E.P. Hubble. The luminosity function of nebulae, ii. Astrophys. J., 84:270–295, 1936. [18] T. Kaluza. Sitzungber. d. preuss. akad. d. wiss., 1921. p. 966. [19] G. Lewis. The conservation of photons. Nature, 118:874, 1926.

Entropy 2001 , 3 114

[20] F. London. Quantum-mechanical interpretation of weyl’s theory. Zeit. F. Phys., 42:375, 1927. [21] F. London. Quantum mechanische deulung der theorie. Physik, 42:375–389, 1927. [22] G. Luchak. A fundamental theory of the magnetism of massive rotating bodies. Canadian J.

of Phys., 29, 1951.

[23] H. Minkowski, editor. Space and Time, Cologne, 21 September 1908. 80th Assembly of German Natural Scientists and Physicians.

[24] R.G. Newburgh and T.E. Phipps. Relativistic time and the principle of carathéodory. Il Nuovo Cimento, Serie X, 67 B:84–102, 1970.

[25] Oxford U. P. Quantum Mechanics, London, 1958. [26] W. Pauli. Ann. d. physik, 1933. vol. 18, pp. 305, 337.

[27] W. Pauli. Meson–nucleon interaction and differential geometry. Letters to A. Pais, July, December 1953.

[28] M. Planck. Verh. deutsch. phy. ges., 1900.

[29] R.V. Pound and G.A. Rebka. Gravitational redshift in nuclear resonance. Phys. Rev. Letters, 3:439–441, 1959.

[30] H.P. Robertson. Kinematics and world structure. Astrophys. J., 82:284–301, 1935. [31] E. Schrödinger. On a remarkable property of the quantum-orbits of a single electron. Zeit.

F. Physik, 12, 1922.

[32] E. Schrödinger. Quantizationas an eigenvalue problem. Annalen der Physik, 81:162, 1926. [33] R. Shaw. The Problem of Particle Types and Other Contributions to the Theory of Elementary Particles. PhD thesis, Cambridge University, 1955. Pt. II, ch III.

[34] R. Utiyama. Invariant theoretical interpretation of interactions. Phys. Rev., 101:1597, 1956. [35] O. Veblin. Projektive relativitatsthorie. Berlin, Springer, 1933. part of ”Ergebnisse d.

Mathematik u. ikrer Grenzgebiete”.

[36] H. Weyl. Gravitation and electricity. Sitzungsber. Preuss. Akad. Berlin, page 465, 1918. [37] H. Weyl. Space-time-matter, 1922.

Entropy 2001 , 3 115

[38] H. Weyl. Electron and gravitation. Zeit. F. Phys., 330:56, 1929.

[39] P. E. Williams. Particles interacting through non-singular potentials. Physics Review, 2000.

submitted June, 2000.

[40] P. E. Williams. Quantized orbits-quantized change. PRL, 2000. submitted May 21, 2000. [41] P.E. Williams. On a Possible Formulation of Particle Dynamics in Terms of Thermodynamic Conceptualizations and the Role of Entropy in it. PhD thesis, U.S. Naval Postgraduate School, 1976.

[42] P.E. Williams. The principles of the dynamic theory. Ew-77-4, U.S. Naval Academy, 1977. [43] P.E. Williams. The dynamic theory: A new view of space, time, and matter. report la-8370- ms, Los Alamos Scientific Laboratory, 1980.

[44] P.E. Williams. The possible unifying effect of the dynamic theory. report la-9623-ms, Los Alamos Scientific Laboratory, 1983.

[45] P.E. Williams. The dynamic theory: A new view of space-time-matter.

http://www.nmt.edu/ pharis, 1993.

[46] Pharis E. Williams. The thermodynamic basis for relativistic and quantum mechanics. [47] Pharis E. Williams. The thermodynamic basis for the constancy of the speed of light. Modern Physics Letters A, 12(35):2725–2738, 1997.

[48] Pharis E. Williams. Quantum measurement, gravitation, and locality in the dynamic theory.

Causality and Locality in Modern Physics, pages 261–268, 1998.

[49] Pharis E. Williams. Mechanical entropy and its implications. Entropy, 30 June 2001. [50] Pharis E. Williams. Using the hubble telescope to determine the split of a cosmological object’s redshift in its gravitational and distance parts. Apeiron, 8(2), April 2001.

[51] C. N. Yang and R. Mills. Isotopic spin conservation and a generalized gauge invarience. Phys.

Rev., 95:63, 1954.