Chirality and Symmetry Measures:

A Transdisciplinary Review

Michel Petitjean

ITODYS (CNRS-Université Paris 7, UMR 7086), 1 rue Guy de la Brosse, 75005 Paris, France E-mail: petitjean@itodys.jussieu.fr

Received: 20 April 2003 / Accepted: 3 July 2003 / Published: 3 July 2003

Abstract: Many quantitative measures of the degree of chirality or symmetry of a set have been proposed in the literature. The main approaches from various areas are reviewed: chemistry, physics, mathematics, computer sciences, biology, and psychophysics. Relations between chirality, symmetry, and other concepts such as similarity, disorder and entropy, are discussed.

Keywords: chirality; symmetry; measure; continuous; quantitative; chiral index; direct symmetry index; asymmetry coefficient; skewness; chirality functions; quasisymmetry; fuzzy symmetry.

Table of contents

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 273 2. Chirality measures in chemistry and physics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 273 2.1. From asymmetry products to chirality functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 273 2.2. Measures based on the Hausdorff distance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 2.3. Volume overlap-related measures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275 2.4. Quasi-symmetry and fuzzy sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 2.5. Asymmetry functions and dissymmetry functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277 2.6. Chirality measures from the folding/unfolding process . . . . . . . . . . . . . . . . . . . . . . . . . . . 278 2.7. Using distance functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 279 2.8. Miscellaneous methods, appearing from 1995 to 1997 . . . . . . . . . . . . . . . . . . . . . . . . . . . 280 2.9. The RMS chiral index and its relation to probability theory . . . . . . . . . . . . . . . . . . . . . .. 281 2.10. Recent works, appearing since 1998 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 283

3. Measuring direct symmetry in chemistry and physics . . . . . . . . . . . . . . . . . . . . . . 284

4. Symmetry measures in the mathematical literature . . . . . . . . . . . . . . . . . . . . . . . . 285 4.1. Measures restricted to convex sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285 4.2. Measures arising from probabiliity theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286 4.2.1. Asymmetry and skewness: generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 286 4.2.2. Skewness measures: the univariate case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287 4.2.3. Skewness measures: the multivariate case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 289

5. Contributions not arising from chemistry, physics, and mathematics . . . . . . . . . 292 5.1. Symmetry measures in computer sciences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 292 5.2. Symmetry measures in biology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293 5.3. Symmetry measures in psychophysics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293

6. Relations with other fields and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 294 7. Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 296

1 Introduction

The symmetry concept is used in a large number of situations [1], but is usually viewed dichotomically: there is symmetry, or there is not. In euclidean space, geometric chirality is related to indirect symmetry, as stated by Lord Kelvin [2]: ”I call any geometrical figure, or group of points, chiral, and say that it has chirality if its image in a plane mirror, ideally realized, cannot be brought to coincide with itself.”. Following this definition, a set is or is not chiral. The scope of this paper is to review the main approaches considering symmetry and chirality as quantitatively measurable parameters: i.e. a set is more or less symmetric, and is more or less chiral.

It is emphazised that symmetry and chirality have particular meanings in chemistry [3], and it is known that dynamic and stochastic aspects should be considered when chirality is related to an observable physical phenomenon, such as optical activity. Then, the contrast between the usual dichotomic aspect of chirality and the quantitative nature of the physical phenomenon has been noted [4]. Although most applications of quantitative chirality theories appear in chemistry and physics, this review deals only with their mathematical aspects. Thus, any further occurrence of the word ”chirality” is to be taken in some geometric meaning, but not in any physical or chemical sense.

Provided that some points in euclidean space may have identical coordinates, weighted points may exist, and thus the masses can be considered as a part of any geometric model of symmetry or chirality. The strictly geometric situation, i.e. without any mass, can be viewed as a particular situation for which all points have equal masses. The chirality of a non-signed charge distribution can be handled with the same tools as for a mass distribution.

2 Chirality measures in chemistry and physics

2.1 From asymmetry products to chirality functions

The oldest definition of a continuous function of a set, which vanishes at achirality, seems to be the asymmetry product of Guye [5-8]. It was empirically correlated with the optical rotatory power, and goes back to 1890. The set is assumed to be a regular terahedron with a weighted ligand centered at each of its four vertices. The asymmetry product P_A is:

P_A = d_1 · d_2 · d_3 · d_4 · d_5 · d_6 (2.1.1)

where the six quantities d_i are the distances from the mass center to the six planes of symmetry of the regular terahedron. The masses of the ligands being m_1, m_2, m_3, m_4, the asymmetry product is shown to be proportional to the product P of the six differences of the masses:

P = (m_1 − m_2)(m_1 − m_3)(m_1 − m_4)(m_2 − m_3)(m_2 − m_4)(m_3 − m_4) (2.1.2)

The asymmetry product is a pseudoscalar. Its absolute value is invariant under isometries, and its sign is changed upon inversion. Exchanging two ligands in equation (2.1.2) inverts the sign of the asymmetry product. A similar concept was also proposed in 1890 by Brown [9], where the mass could be replaced by a more general function of the ligand, this latter not being described. It was also intended for empirical correlations with the optical rotatory power. A formal analog of equation (2.1.2) was obtained in 1934 by Boys [10,11], as part of a theoretical calculation of the optical rotatory power, based upon a physical model.

Generalizations of the asymmetry product appeared during the end of the sixties [12-15], and were named ”chirality functions” by Ruch and Schönhofer when they published the first general theory in 1970 [15]. Later, numerous papers related to chirality functions were published [16-41], dealing with the mathematical properties of chirality functions and their relations with group theory, and several controversies arose about these properties. A chirality function is specific to a class of molecular models, such as the tetrahedron class or the trigonal bipyramid class, but is not common to both classes. An example of a chirality function for the trigonal bipyramid class is [13]:

P = (λ_1 − λ_2)(λ_2 − λ_3)(λ_3 − λ_1)(λ_4 − λ_5) (2.1.3)

where the vertices of the base of the bipyramid are labelled 1, 2, 3, the two other vertices are labelled 4 and 5, and λ is some function of the ligand.

Thus the magnitude of the chirality function could be used as a quantitative measure of chirality, but only within a predefined class. Following this concept, the maximal chirality triangle in R^2 has been shown to be asymptotically linear [42]. The sign of the chirality function is also problematic, just as the homochirality concept. Quoting again Lord Kelvin [2]: ”Two equal and similar right hands are homochirally similar. Equal and similar right and left hands are heterochirally similar or ’allochirally’ similar (but heterochirally is better).”. However, it has been noted that there are classes for which homochirality is meaningless [14,43].

For example, consider the following chiral set of five indistinguishable points in R^3, which is related to the trigonal bipyramid class: x_1 = (−1, 1/2, 1/2), x_2 = (2, 0, 0), x_3 = (0, 3, 0), x_4 = (0, 0, 4), and x_5 = (0, −5, −5). Now, setting x^′_1 = (1, 1/2, 1/2), we consider the following family of sets: {α_1 · x_1 + (1 − α_1) · x^′_1, α_2 · x_2, x_3, x_4, x_5}, α_1 and α_2 being real numbers. Starting with α_1 = 1 and α_2 = 1, which is our original set, we consider continuously decreasing values of α_1 from 1 to 0, then continuously decreasing values of α_2 from 1 to −1. Obviously, every member encountered in the family is chiral, and the final set is the mirror image of the initial one through the yz plane. A continuous function of the coordinates, taking null values only for achiral figures, should therefore keep the same sign for these two mirror images. The conclusion is the same when the points are all distinct, i.e. when they have all different colors.

In fact, it has been shown that any d-dimensional set containing n ≥ d + 2 point can be transformed continuously into its mirror image without passing through an achiral arrangement [44] (see also [45-48]). The existence of chemical compounds such that enantiomeric conformations are interconverted by rotameric changes without passing through geometric achirality was postulated by Mislow in 1954 [49], who gave as an example meso-4,4’-di(s-butyl)-2,6,2’,6’-tetramethylbiphenyl. The synthesis of an analog was reported one year later [50].

It follows that empirical correlations between chirality functions and physical pseudoscalar properties should be handled with care. The existence of continuous pseudoscalar chirality functions having ”chiral zeroes” has been postulated, but they are inadequate as chirality measures [51].

A pseudoscalar quantity, proposed in 1983 by Damhus and Schäffer [52], is not related to chirality functions theory, but has some similarities. A class of molecular models is defined, such that an ordered triplet of oriented segments is defined. The triple product is the pseudoscalar quantitative chirality measure.

2.2 Measures based on the Hausdorff distance

Quantitative chirality measures were reviewed in 1992, and classified into two categories [53]: the first kind of measure arises from a deviation of the chiral set from an idealized achiral reference, and the second kind from a similarity measure between the set and its mirror image, this measure being minimized for all rotations and translations. For these two situations, a similarity measure is needed. Rassat proposed in 1984 [54] to use the Hausdorff distance as a similarity measure, in order to define a left-right classification. Provided that a primary distance d(x, y) between two elements x and y in a metric space is defined, the Hausdorff distance between two subsets X and Y of this metric space is: H(X, Y ) = Max{Sup_{{x∈X}}(Inf_{{y∈Y }}d(x, y)), Sup_{{y∈Y }}(Inf_{{x∈X}}d(x, y))} (2.2.1)

The advantage of the Hausdorff distance in our context, comes from its applicability both to discrete sets of points and to homogeneous solids (domains of euclidean space). In 1992 Buda and Mislow [55] used the minimized Hausdorff distance between the mirror images, normalized to the diameter of the set (i.e. the upper bound of the distances between two points of the set). The computation of the minimized distance was performed with an iterative numerical procedure. This latter chirality measure has been used for empirical correlations [56], and a normalized minimized Hausdorff distance between enantiomorphic configurations of charges has been reported [57]. The concept introduced by Rassat was extended by Mezey [58] to molecular electron density clouds using fuzzy sets theory (see section 2.4).

2.3 Volume overlap-related measures

Gilat proposed in 1985 the following second kind of chirality measure [59], which takes values between 0 and 1:

χ = (V (A ∪ A^′) − V (A ∩ A^′))/V (A) (2.3.1)

where A^′ is the mirror image of A, V (A ∪ A^′) is the volume of their union, V (A ∩ A^′) is the volume of their intersection, and V(A) is their common volume.

The d-dimensional volume of the symmetric difference has the mathematical properties of a distance, and was introduced by Dinghas [60]. It is also equal to the sum of the individual volumes, minus twice the volume of the intersection. Kitaigorodskii [61] proposed the usual 3D volume of the symmetric difference as a similarity criterion in the 3D space. The square root of the Dinghas distance is the L^2 distance Δ between the indicator functions 1_A and 1_A0 of the domains:

Δ^2(1_A, 1_A0) = R (1_A(x) − 1_A0(x))^2dx (2.3.2)

The d-dimensional integrals in (2.3.1) and (2.3.2) are of course minimized for all rotations and translations of either A or A^′.

Gilat has proposed measures of chirality from formal analogs of (2.3.1) and (2.3.2) using masses, charges, inertias [59], and surfaces and wavefunctions [62]. It is known that the surface is not adequate to define a distance, because A ⊂ B ⇒ S(A) ≤ S(B) is an erroneous assumption, except for convex sets [63].

Conditions for an achiral intersection in (2.3.1) have been derived [64], and non-trivial upper bounds have been found for convex bodies [65]. Gilat noted that the volume-based chirality measures are unable to handle subdimensional objects, although Hausdorff distance chirality measures are difficult to compute for continuous sets [66].

In 1991 Buda and Mislow computed maximal chirality triangles using a criterion related to (2.3.1): see [67,68] and references cited in [67].

The L^2 scalar product S(f_A, f_B) of two functions f_A and f_B, normalized to the product of their induced norms, is the formal analog C(f_A, f_B) of the cosine of two vectors, and takes values between −1 and +1. The distance induced by the norm is Δ(f_A, f_B):

S(f_A, f_B) = R f_A(x) · f_B(x)dx (2.3.3) C(f_A, f_B) = S(f_A, f_B)/(S(f_A, f_A) · S(f_B, f_B))^{1/2} (2.3.4) Δ^2(f_A, f_B) = S(f_A, f_A) + S(f_B, f_B) − 2 · S(f_A, f_B) (2.3.5)

Maximizing for rotations and translations of B, either S(f_A, f_B) or C(f_A, f_B), is equivalent to minimize Δ(f_A, f_B).

Provided that f is fixed, and assuming that A^′ is the mirror image of A, second kind of chirality measures based on C(f_A, f_A0) or on any normalized value of S(f_A, f_A0) or Δ(f_A, f_A0) all induce the same chirality scale.

The chirality coefficients 1 − C(f_A, f_A0) proposed in 1991 by Meyer and Richards [69] and in 1993 by Seri-Levy and Richards [70,71] are related to those of Gilat. The function f was either the electrostatic potential or the indicator function of the van der Waals volume. Both chirality coefficients were computed numerically.

Mezey proposed in 1997 a volume overlap-based chirality measure [72], which reduces in fact to that of Gilat. In 1999 Mezey et al. proposed to use the scalar product of electron densities as a chirality measure [73].

2.4 Quasi-symmetry and fuzzy sets

Maruani and Mezey proposed in 1987 to use fuzzy set theory to quantify quasi-symmetry via the ”syntopy” concept [74-78], both for direct and indirect symmetry. In 1991 Mezey proposed to use resolution based similarity measures to define chirality measures [79]. This was done via approximation of a set by equally sized contiguous cells or cubes. The minimal number of cells to be removed or added to obtain an achiral structure or polycube, normalized to the initial number of cells, defines the two chirality measures [80]. Weinberg and Mislow updated the classification of chirality measures in 1995 [81]: first and second kinds of chirality measures (see section 2.2) were grouped in the class of ”congruity measures”, although the symmetry deficiency measures were in the class of ”resolution measures”. The fuzzy set approaches were considered to fall into either of the classes.

A family of second kind of chirality measures using a fuzzy Hausdorff-type distance was defined by Mezey [58]. It is based on density domains limited by a fixed value of the membership function. This membership function is a generalization of the indicator function, and is allowed to take any value between 0 and 1.

2.5 Asymmetry functions and dissymmetry functions

The second kind of chirality measures of a 3D set of weighted points (atoms), introduced by Kuzmin and Stelmakh in 1987 [82], were called either ”asymmetry functions”, or ”dissymmetry functions”, depending on the papers and their English translation from Russian.

The set is oriented in its principal axis of inertia, and the atoms are partitioned according to their type. The mirror image is generated via one of the following symmetry operations: S_1, S_2, S_4 and S_6. The reflections through each of the three principal planes are considered successively. For a given reflection, each of the n atoms of the set is associated with an atom of its mirror image of the same type. When several pairs are posible, they are selected according to the smallest length criterion. The sums of the lengths of the n pairs are DA_x, DA_y and DA_z for the reflection through the yz, zx, and xy plane, respectively. The degree of asymmetry associated with a given symmetry operation is DA^{Sk} , with k = 1, 2, 4, 6, and AF is the overall asymmetry function:

DA^{Sk} = (DA^{Sk}_x · DA^{Sk}_y · DA^{Sk}_z )^{1/3} (2.5.1) AF = (DA^{S1} · DA^{S2} · DA^{S4} · DA^{S6} )^{1/4} (2.5.2)

Kuzmin and Stelmakh proposed also to define the function AF from other parameters rather than from the masses, such that van der Waals volumes, refraction, or unit masses [83]. The atomic parameter may be weighted by its squared distance from the center, and AF may be normalized or not. Calculations have been performed and used for empirical correlations [83-85]. Taking in account all possible ways of proceeding with the four operations S_k along the three coordinate axis, led Kuzmin et al. to extend in 1992 the second member of equation (2.5.2) to a product of ten terms, such that the geometric average, now called DF , is an 1/10 power of this product of ten terms [86]. Calculations have been performed for empirical correlations [87,88], and stereochemical analysis [89]. Alikhanidi and Kuzmin introduced in 2000 some further refinements in the dissymetry function, including the consideration of S_{k>6} and C_k symmetries [90].

2.6 Chirality measures from the folding/unfolding process

Hel-Or, Peleg and Zabrodsky proposed in 1988 a method based on the polar representation of a 2D arc of curve, for which the cumulated length associated with an increasing radius differs from the cumulated length associated with a decreasing one. Pixels were considered for practical calculations. The authors found that the method works only for some 2D figures [91]. Hel-Or, Peleg and Avnir applied a related method in 1990 to planar molecular models of alkanes [92]. Avnir and Meyer measured in 1991 the chirality of halogenated hydrocarbons, from the deviation between the center of an achiral reference conformer and the center of the chiral substituted compound [93].

CSM (Continuous Symmetry Measures) and CCM (Continuous Chirality Measures) were introduced in 1992 by Zabrodsky, Peleg and Avnir [94]. Many papers about these measures have been since published [95-137], most of them dealing with applications in chemistry or computer sciences. The measures are based on the folding/unfolding process [98,121], which defines an idealized reference figure. The CSM is associated with a given symmetry, and the CCM is associated either with a reflection or with an improper rotation axis.

The CCM associated with a reflection has been defined from the following steps [102]:

(a) The set is centered, and normalized to the squared highest distance from the mass center, or to the mean square [116].

(b) A reflection axis or plane passing through the origin is selected.

(c) Divide the points into pairs and single points. Two points associated in a pair should be of the same type (e.g. two hydrogens of a same methyl group).

(d) Perform the folding/unfolding process as follows. We consider two points p_1 and p_2 separated by the reflection axis or plane σ. The mid-point of p_1 and of the symmetric of p_2 through σ is p̂_1 (folding step and averaging step). The symmetric of p̂_1 through σ is p̂_2 (unfolding step). When p_1 is a single point, a duplicate p_2 = p_1 is created, p̂_1 = p_1 and p̂_2 is the symmetric of p_2 through σ.

(e) Compute the sum S of the n squared distances d^2(p_i, p̂_i).

(f) Repeat steps (b), (c), (d), (e) to minimize S for all axis and divisions of the points.

CCM =^{100}_n Min(S) (2.6.1)

The optimal division of the points is a combinatorial problem. When the points are the atoms at the vertices of a chemical graph, the combinatorial problem is related to the enumeration of graph isomorphisms of order 2 [102]. For a 2D set of points associated pairwise, the optimal axis is known analytically [102].

The CCM associated with an improper rotation of odd order has been defined as the CCM associated with a reflection, and the CCM associated with an improper rotation of even order k has been defined from the following steps [102]:

(a) The set of points is centered and normalized as previously. (b) An improper rotation axis passing through the origin is selected.

(c) Divide the points into k-uplets of ordered points, pairs of points, and single points. Each pair of points is duplicated k/2 times, and each single point is duplicated k times. The total number of points p_i is n, and is now a multiple of k: n = m · k. There are m tuples of points. The k points in a tuple are ordered and should be of the same type.

(d) Fold the tuples by applying the k improper rotations associated with the axis, to each of the k members of each tuple. Each of the m generated clusters of k points is averaged, and the m average points are unfolded into m · k points p̂_i by applying to them the reverse k improper rotations.

(e) Compute the sum S of the n squared distances d^2(p_i, p̂_i).

(f) Repeat steps (b), (c), (d), (e) to minimize S for all axis and divisions of the points.

The set of n = m · k points is an idealized symmetric reference, and the CCM is computed according to equation (2.6.1).

Alikhanidi and Kuzmin proposed in 1998 to modify the CSM and CCM by weighting the squared distances with various parameters, and to reduce the search of the optimal 3D axis to the principal axis [122]. In 1999 they modified the CCM again, and used the minimized sum of squared distances from the reflected image [123]. The associated optimal orientation was computed iteratively, using the four Euler quaternionic parameters. The chirality measure was named EDF (Enantiomeric Dissimilarity Factor) [124].

Still in 1999, Salomon and Avnir used the (4 × 4) matricial representation of the quaternions to compute analytically the optimal rotation associated with their own CCM [125].

2.7 Using distance functions

Murray-Rust, Bürgi and Dunitz considered in 1978 linear combinations of internal coordinates (angles and lengths) to evaluate deviations from symmetric configurations, such as the tetrahedron [139-141]. The tetrahedron is both symmetric and achiral, and measuring the deviation could be viewed as an attempt to quantify either direct or indirect symmetry. Following the idea of working in the conformational space, Auf der Heyde, Buda and Mislow computed in 1991 a maximal chirality triangle from the minimal distance to the closest achiral triangle [142].

Weinberg and Mislow [143] proposed in 1993 to use various distance functions to define both first and second kinds of chirality measures (i.e. the distance is computed either between the set and an achiral reference, or between the two mirror images). They considered the Hausdorff distance (equation (2.2.1)), and the p-euclidean distance D_p between two points x and y in R^d:

d_p(x, y) = (^{i=d}P_{i=1}(x_i − y_i)^p)^{1/p} (2.7.1) d_∞(x, y) = Max_{{i=1..d}}|x_i − y_i| (2.7.2)

The distance D_p was applied to triangles in R^2. Denoting by d_p(A), d_p(B), and d_p(C), the distances from the vertices A, B, and C to the nearest neighboring vertices of the enantiomorph (or of an achiral reference), the associated chirality measure χ_p is:

D_p(d_p(A), d_p(B), d_p(C)) = (d^p(A) + d^p(B) + d^p(C))^{1/p} (2.7.3) χ_p = Min{D_p(d_p(A), d_p(B), d_p(C))} (2.7.4)

The authors found that the Hausdorff distance coincides with D_∞, and considered that the CCM [94] (see previous section) is a just a particular case of first kind of chirality measure for p = 2. They calculated various maximal chirality triangles.

Zimpel calculated also a maximal chirality triangle in 1993 [144], with the second kind of chirality measure related to equation (2.7.4) for p = 2, constraining the inertia of the triangle to unity.

2.8 Miscellaneous methods, appearing from 1995 to 1997

Osipov, Pickup and Dunmur used in 1995 a formal analog of the dipole-dipole interaction tensor to derive two chirality indices [145]. The elements of this chirality tensor are quadruple integrals of a function proportional to the product of the four densities associated with the interaction. The two indices are expressed from the elements of the chirality tensor. The authors found that the two indices vanish both for achiral objects and for some chiral objects having direct symmetry. They extended their 3D approach to 2D systems in 1998 [146].

Randic and Razinger used in 1996 a binary code to describe the molecular shape and the chirality of benzenoids [147]. The bits are set to 1 or 0, depending on the local orientation of the edges at the periphery of the set of fused hexagons. The chirality measure arises from the comparison of the cyclic binary code and its reversed copy.

Moreau defined in 1997 atomic chirality as the sum of atomic environment chiralities. Each of these latter is considered to be proportional to the product of the three principal coordinates of a specified atom [148]. The author found the measure defective for chiral structures having a direct rotation axis of order 3 and above.

Smirnov, Evtushenko and Lebedev pointed out in 1997 the relation between symmetry elements and principal axis and planes [149]. The authors classify chirality into three basic types and four mixed types, depending on how two semifigures lying on each side of a principal plane differ [150]. They defined both a first and second kind of chirality measure, this terminology being not in the sense of section 2.2. There are three pairs of neighboring semifigures, and there are three vectors measuring the deviation between the mean point of a semifigure and the mean point of its associated reflected neighbouring semifigure. The normalized determinant of the (3 × 3) matrix of these vectors is used as a first kind of chirality measure [151]. Considering the cosines of the deviations between principal directions of these semifigures, there are now three matrices of deviations, constituting a 3-order tensor. The achirality was related to the equality of one of the three matrix with the identity matrix [152]. The authors updated their theory in 1999, introducing four basic types of noncoincidences of semifigures [153].

Raji and Cossé-Barbi proposed in 1997 [154,155] to use a molecular similarity procedure which they published the same year [156], to quantify the similarity of enantiomers. This procedure looks for a motif common to two sets of 3D points, after projecting one of the sets on three orthogonal planes, and interpolating each of the three planar projections with cubic spline functions. For the xy and xz planes, the sum of the squared distances between the points of the other set and their projections on the splines is computed. The two sums of squares are added, the overall sum is minimized for 3D rotations and translations, and an optimal correspondence is deduced. The authors introduced user-defined constraints to search this optimal correspondence, and proposed to classify chirality scales according to the presence or absence of these constraints [157]. They published their similarity procedure again in 1999, pointing out the use of the RMS criterion for chirality measurement [158].

2.9 The RMS chiral index and its relation to probability theory

The RMS chiral index χ was defined in 1997 by Petitjean [159] for a d-dimensional set of n colored points, from the sum D^2 of the n squared distances between the points and their mirror image. The sum is minimized for all rotations R and translations t of the image, and for all permutations P authorized by the colors of the points. The minimized sum is normalized to the inertia T of the set: χ = d · (Min_{{P,R,t}}D^2)/4T (2.9.1)

When the points are the vertices of a graph, the authorized permutations arise from the graph automorphisms enumeration [160]. A set of colored points is just a colored graph without edges. The optimal translation is obtained by centering, and the optimal rotation is known analytically for d = 2 [159] and d = 3 [161]. A freeware is downloadable from the following web page: http//petitjeanmichel.free.fr/itoweb.petitjean.freeware.html#QCM The chiral index was extended to weighted sets in 2001 [162], and then to colored mixtures in 2002 [163]. The colored mixture model may be viewed from the replacement of the colored points by whole distributions. It handles discrete and continuous sets, finite or not, provided that the inertia is finite. A colored mixture X is a random variable taking values in the product space of R^d by the space of colors (assumed to be measurable), such that the distribution of X is a mixture of distributions, each of them being biunivocally associated with a color. The weights of the components of the mixture have the same meaning as those of an ordinary mixture of distributions. These colored components should not be confused with the d numerical coordinates: although d is finite, the number of colors in the mixing distribution may be infinite.

We denote by W a joint density of two colored mixtures X and Y , such that Y is distributed as a mirror image of X in the product space, and such that the marginals of X and Y in the space of colors are fully correlated. The general expression of the chiral index is expressed by the lower bound of an expectation: χ = d · (Inf_{{W,R,t}}E[(X − Y )^t · (X − Y )])/4T (2.9.2) Thus, formula (2.9.1) is just an instance of (2.9.2), and an authorized permutation P is n times the bistochastic matrix of a joint density W . The numerator of the expression of χ in (2.9.2) is the Wasserstein distance between X and Y , minimized for all rotations and translations of Y . The chiral index varies from 0 to 1. It is null if and only if X is achiral. The ”only if” part of this latter property is induced by the proportionality of χ to the Wasserstein distance, which is a probability metric [164]. Some distributions or mixtures maximizing χ, are known [159,161,163].

In expression (2.9.2) the optimal translation is obtained at null expectation, and the optimal rotations for d = 2 and d = 3 are still known analytically, even when Y is not the mirror image of X. Moreover, the well-known least squares superposition method between two sets of n points, known either as the RMS superposition method or as the Procrustes algorithm, is shown to derive from this latter situation, and is thus extended to continuous and/or infinite sets [163].

For d = 1, equation (2.9.2) leads to express χ with the lower bound r_{min} of the correlation coefficient between the colored one-dimensional mixture X and a colored mixture having the same distribution:

χ =^{1+rmin}_2 (2.9.3)

The chiral index of an ordinary set of n observations (d = 1, no colors) is easily computable with a pocket calculator [159]: (a) sort the set with increasing values and then with decreasing values, (b) compute the correlation coefficients between the sorted sets, (c) add 1 and then divide by 2. Since there is no color, the correlation coefficient cannot be positive.

Let x_{i:n}, i = 1, 2, ..., n be the observations sorted with increasing values, x̄ being their mean, and σ_x being their standard deviation. The chiral index is an expression of the squared midranges or range lengths:

χ = [^{i=n}P_{i=1}(^{xi:n+xn+1}�^{i:n}_2 )^2 − n · x̄^2]/(nσ^2_x) (2.9.4)

χ = 1 − [^{i=n}P_{i=1}(^{xi:n−xn+1}�^{i:n}_2 )^2]/(nσ^2_x) (2.9.5)

As a consequence of the convergence theorem in [163], the chiral index of a sample of n observations of a random vector in R^d converges to the chiral index of its parent distribution.

Fowler noted in 1992 that there is a need to consider simultaneously the electron density and the atomic nuclei to evaluate chirality [165]. The colored mixture model is an answer to this problem, one component of the mixture being associated with the negative charge distribution, and the other being associated with the positive charge distribution. If needed, a third component could be associated with the mass distribution.

2.10 Recent works, appearing since 1998

Mezey noted in 1998 the need to consider infinite domains for electron densities [166], and proposed to use the Alexandrov one-point compactification of euclidean space E^n, mapping this latter onto the sphere S^n to which a supplementary point (the north pole) is added. The electron density is now a hypersurface in E^4. The first three dimensions correspond to the position, and the fourth corresponds to the density. Molecular isodensity contours of increasing size are considered. The associated sequence of graphs representing the neighborhood of density domains defines a rooted tree structure, which is stored as a sequence of integers: the semilattice tree code. The topological symmetry of the code is used to evaluate direct or indirect symmetry deficiency of the original object [166].

Grimme used in 1998 the expectation of the hermitian product of the wavefunction and its inverted image to measure the chirality [167]. The measure is a linear combination of the modules of the expectations of the hermitian products associated with individual orbitals, and is minimized for rotations and translations. This method is formally related to overlap methods (see section 2.3).

Ferrarini and Nordio defined in 1998 a second order helicity tensor q by integration over the molecular surface of a function of the normal to the surface [168]. The diagonal element q_{ii} is interpreted as the amount of surface rotation associated with translation along the direction of the i axis, and is the helicity along the i direction. Since there are three principal directions, this chirality measure is not a scalar quantity.

Le Guennec introduced in 1998 the concepts of absolute and relative chirality [169-172]. Using the polar representation of a function Φ(r, θ) in the complex plane C^1, the absolute radial function

is defined as Δ_n =

2πR_{0 Φ(r, θ) · e−inθdθ, i being the complex root of unity, and n being related to}

a C_n symmetry. The path Δ_n(r) is called the absolute chiral loop. For a fixed value of n, the absolute achirality of Φ_n is related to the linear shape of the absolute chiral loop. The author defined a relative chirality concept [172] from the relative radial function Δ_{n,m}(Φ^1_n, Φ^2_m), and its associated relative chiral loop, which is related to the presence of a common indirect symmetry element between Φ^1_n and Φ^2_m. Functions Φ in C^d are handled via projections on C^1. As stated by the author [169], this chirality concept should not be confused with the usual quantitative chirality concept.

Describing a density in 3D space with spherical coordinates, Harris, Kamien and Lubensky used in 1999 the tensor moments obtained by integration over the radial coordinate, and showed that an infinite number of pseudoscalar chiral parameters, computed from the moments, quantify chirality [173]. The authors found that, when a molecule with more than four atoms is inverted, continuous deformations exist such that these pseudoscalars do not vanish [173,174] (see also section 2.1).

In 2000 Benigni et al. submitted the (N, N) similarity matrix associated with a family of N molecules to principal component analysis, and looked for a principal axis discriminating the R and S populations [175]. The difference of the coordinates attached to this axis for the R and the S isomers is used as a chirality measure.

In 2001 Randic combined data from molecular graphs of benzenoids with data from their planar representation, to define a chirality measure [176] (see also the approach of Randic and Razinger in section 2.8), and extended it to 3D n-alkane rotamers.

Raos investigated in 2002 the degree of chirality of helical structures [177]. Using cylindrical coordinates, two chirality measures were proposed, one being related to overlap methods (section 2.3), the other being related to the approach of Harris et al. (see above, in this section).

Làszlo and Rassat proposed in 2002 [178] to use a distance function such as the Hausdorff distance (see section 2.2) to measure the chirality of fullerenes. Rassat, Làszlo and Fowler proposed in 2003 to use the mean square topological rotational strength to measure the chirality content of a polyhedral graph [179]. After diagonalization of a modified adjacency matrix such that the eigenvector system is a formal analog of the eigenvector system encountered in the Hückel theory, the chirality measure is defined through a physical interpretation of the meaning of these eigenvectors.

3 Measuring direct symmetry in chemistry and physics

There are two major differences between direct and indirect point group symmetries: (a) a set having no direct symmetry in a d-dimensional euclidean space is still not symmetric after immersion in a higher dimensional space, although a chiral set becomes flat, and thus achiral, when a dimension is added; (b) direct symmetry is based on the existence of a non degenerate rotation, and thus cannot appear in one-dimensional space.

Although many efforts were done to measure chirality, few direct symmetry measures have been proposed (see also in section 6 the discussion of the formal definition of direct symmetry measures).

Quasi-symmetry measures arising from fuzzy set theory, such as the syntopy introduced in 1987 by Maruani and Mezey, apply both to direct and indirect symmetry, and have been mentioned in section 2.4.

The CSM (Continuous Symmetry Measure) was introduced in 1992 by Zabrodsky, Peleg and Avnir [94], with the CCM (Continuous Chirality Measure). Both measures are based on the folding/unfolding process: see theory and references in section 2.6.

The direct symmetry index defined in 1999 by Petitjean [161], looks like the chiral index defined in section 2.9 (see equation 2.9.1). It is defined for a d-dimensional set of n colored points, from the sum of the n squared distances between the points and their rotated and translated copy. The sum is minimized for all rotations and translations, and for all permutations allowed by the colors of the points, the identity permutation being excluded. The direct symmetry index is the minimized sum, divided by twice the inertia of the set. As for the chiral index, when the points are the vertices of a graph, the allowed permutations arise from the graph automorphisms enumeration. When there are not at least two equivalent points, the direct symmetry index is undefined. Some minimal symmetry figures have been identified [161]. The freeware mentioned in section 2.9 computes simultaneously the chiral index and the direct symmetry index.

4 Symmetry measures in the mathematical literature

4.1 Measures restricted to convex sets

A very interesting review of symmetry measures of convex sets was presented by Grünbaum during a symposium of the AMS held in 1961, and published in 1963 [180]. The measures denote real non-negative functions defined for convex sets, with value 0 only for centrally symmetric sets. Clearly, these measures are related either to direct or indirect symmetry, depending on the parity of the dimension d of the space. For example, for d = 2, a center of symmetry is related to direct symmetry, but for d = 1 and d = 3, it is related to indirect symmetry. Grünbaum noted the difficulty of retrieving symmetry measures from the literature, because they are not always declared as being symmetry measures. The oldest reference cited was the work published in 1897 by Minkowski [181].

Some works about symmetry measures for convex sets appeared in the sixties [182-187]. The axial symmetry measures of ovals proposed by DeValcourt in 1966 and 1967 [185-187] and by Cieslak and Zajac in 1985-1986 [188] are chirality measures of convex sets. In 1994 and 1996, Margolin et al. and Tuzikov et al. used reflection symmetry measures for convex sets [189,190], mostly in a plane. Central symmetry measures of convex sets were again investigated in 1996 by Kaiser [191] and in 2000 by Groemer [192].

4.2 Measures arising from probability theory

4.2.1 Asymmetry and skewness: generalities

An asymmetry coefficient is expected to vanish for a symmetric distribution, this symmetry being an indirect symmetry when the distribution is one-dimensional. Asymmetry coefficients and skewness measures may be used to quantify the departure from symmetry. Another problem is to test, on the basis of a sample, the hypothesis H_0 that a parent distribution is symmetric, against the alternative that it is not symmetric. There are specialized versions of H_0 with various alternatives, depending on the knowledge of location parameters, and on which kind of symmetry is considered. A frequently encountered application is to test normality.

Some definitions of multivariate symmetry found in recent papers are given below. The reference may correspond to the first occurrence or not. Older definitions may be found in [193] for the univariate case, and in [194] for the bivariate case. X is a random vector in R^d, θ is a constant vector, H is a closed halfspace, and A is a full rank constant d × d matrix. The euclidean norm is denoted ‖ · ‖, and^d= denotes an equality in distribution.

Symmetry definition Ref. A · (X − θ)/‖A · (X − θ)‖ uniformly distributed on the unit d-sphere and [195] independant of ‖A · (X − θ)‖ ( Elliptical symmetry ) A · (X − θ)/‖A · (X − θ)‖ uniformly distributed on the unit d-sphere [195] ( Symmetry with elliptical direction ) (X − θ)^d= (θ − X) [195,196] ( Reflection symmetry or central symmetry ) Equivalently: u^t · (X − θ)^d= u^t · (θ − X), for each unit vector u in R^d [196] Equivalently: P rob{(X − θ) ∈ H} = P rob{(X − θ) ∈ −H}, for each H [196] A · (X − θ)/‖A · (X − θ)‖^d= A · (θ − X)/‖A · (X − θ)‖, or, [195] (X − θ)/‖(X − θ)‖^d= (θ − X)/‖(X − θ)‖ [196] ( Angular symmetry ) P rob{X ∈ H} ≥ 1/2 for all H with θ on the boundary [196] ( Halfspace symmetry about θ )

Elliptical symmetry implies symmetry with elliptical direction. Central symmetry implies angular symmetry, and angular symmetry implies halfspace symmetry [196].

Any symmetry measure computable for a sample is potentially useful for testing H_0, provided that we have knowledge of the distribution of the measure under H_0, at least asymptotically. This knowledge often has more practical importance than other properties of the measure, such as being scale-free or not vanishing for non-symmetric distributions. This is why only some of the known symmetry measures have been used as statistics for testing. Conversely, some statistics are indeed useful for testing symmetry, but are not adequate quantitative measures of symmetry. Examples of these latter are found in rank tests of symmetry [197], and more generally in symmetry tests involving the signs of various functions of the observations rather than their values [194,195,198- 208].

4.2.2 Skewness measures: the univariate case

The skewness, i.e. the centered third-order moment μ_3 normalized to the cube of the standard deviation σ, is well known as an asymmetry coefficient of a one-dimensional distribution [209]. The square of this quantity was introduced by Pearson in 1895 (see ref. [210], p. 351), together with some other measures of skewness based on the deviation (mean − mode) (see ref. [210], p. 370). The quantity (mean − median)/σ has also been used as a skewness measure, and was shown by Hotelling and Solomons in 1932 to vary between -1 and +1 [211]. There are nonsymmetric distributions for which these measures vanish. Nevertheless, they have been used for many years. Nichols and Gibbons computed in 1979 four measures of skewness, for several Gamma, Lognormal, and Weibull distributions [212]. These measures were γ_3 = μ_3/σ^3, (mean − mode)/σ, 3(mean − median)/σ, and γ_3(γ_4 + 6)/2(5γ_4 − 6γ^2_3 + 6), where γ_4 is the centered fourth order moment normalized to σ^4.

David and Johnson used in 1954 a skewness measure attributed to Yule, going back to 1912 (see last reference cited in [213]). It is based on the upper and lower 75% quartiles, both centered to the median. Denoting these two centered quantities x_{um} and x_{lm} respectively, the measure is (x_{um} + x_{lm})/(x_{um} − x_{lm}) [213,214].

Hogg, Fisher and Randles proposed in 1975 [215], a family of statistics based upon averaged quantiles, such as: (Ū_{.05} − M̄_{.5})/(M̄_{.5} − L̄_{.05}), and (Ū_{.05} − L̄_{.05})/(Ū_{.5} − L̄_{.5}), where Ū_{.05}, M̄_{.5} and L̄_{.05} are the averages of the largest 5%, the middle 50%, and the smallest 5% of the order statistics, respectively.

Let X_{i:n}, i = 1, 2, ..., n be these order statistics. Finch proposed in 1977 to test symmetry with a family of statistics V , based on the right gaps R_i = X_{n−k+i} − X_{n−k+i−1} and the left gaps L_i = X_{k+2−i} − X_{k+1−i}: V =^{i=k}P_{i=1} w_i(R_i − L_i)/(R_i + L_i), where w_i are fixed weights [216] (see also Antille et al. 1982 [217]).

Smirnov introduced in 1947 the following symmetry criterion for a random variable X having a continuous distribution function F and a median μ: [F (μ + x) + F (μ − x) − 1] is null for all x [218]. Setting F̄ (μ + x) = 1 − F (μ − x), the distribution function F̄ is that of the reflected random variable X̄ around μ, provided that F is continuous. Thus the symmetry criterion is: [F − F̄ ] is null for all x. Note that the empirical distribution function F̄_n of a sample of n observations is not continuous. Thus, setting F̄_n(μ + x) = 1 − F_n(μ − x), F̄_n is not the distribution function associated with the reflected sample.

Assuming that F is continuous, Butler used in 1969 a statistic proportional to the quantity S = Sup_{{x≤0}}|F_n(x) + F_n(−x) − 1|, to test symmetry about zero [219]. This quantity S is the L^∞ norm of [F_n − F̄_n]. Generalizations were proposed in 1972 by Orlov, who considered functionals of [F_n − F̄_n] [220].

Doksum introduced in 1975 [221] the empirical symmetry function [x−F̄^{−1}_n (F_n(x))]/2 and some other functionals related to Smirnov’s criterion. Other generalizations were proposed in 1977 by Doksum, Fenstad and Aaberge, who used a positive weight function Ψ(F (x), F̄ (x)) to normalize the difference [F_n − F̄_n] before computing statistics [222].

A Cramér-von Mises type symmetry test was proposed by Filippova in 1962, to test symmetry about zero from a sample of size n [223]. It was rediscovered in 1972 by Rothman and Woodroofe [224]. Assuming that the distribution function F is continuous, and setting F^∗_n (x) = (F_n(x^+) +

F_n(x^−))/2, the symmetry test statistic is: n ·

+∞R_{−∞ [F ∗n (x) + F ∗n (−x) − 1]2dFn(x). This type of}

symmetry test has been investigated by several authors: see Orlov 1972 [220], Srinivasan and Godio 1974 [225], Hill and Rao 1977 [226], Koziol 1980 [227], Aki 1981 [228], and Boos 1982 [229]. The symmetry test of Aki considered general estimators of the location parameter μ, and Boos estimated this latter with the median of the n^2 mid-intervals (X_i + X_j)/2.

Locke and Spurrier introduced in 1976 a family of symmetry tests based on U-statistics [230]:

U_{pn} = [6/n(n − 1)(n − 2)]^{i=n−2}P_{i=1} j=n−1P j=i+1 k=nP_{k=j+1 ϕ(Xi:n, Xj:n, Xk:n), where Xi:n are the order statistics,}

ϕ(X_{1:n}, X_{2:n}, X_{3:n}) = (X_{3:n} − X_{2:n})^p − (X_{2:n} − X_{1:n})^p, and p = 1 or p = 2.

In 1977 [231] Feuerverger and Mureika noted that the characteristic function, c(t) = [u(t) + i · v(t)], is real if and only if the distribution function F is symmetric about the origin, and proposed

the symmetry test statistic

+∞R_{−∞ [vn(t)]2dG(t), where cn(t) = [un(t) + i · vn(t)] is the empirical}

characteristic function, and G is some given distribution function symmetric about the origin.

In 1987 Csörgö and Heathcotte [232] introduced the characteristic symmetry function θ(t) = t^{−1}arctan[v(t)/u(t)], which is constant when the random variable X is symmetrically distributed around θ. Under weak conditions on the moments E(X) = θ = lim_{t→0}θ(t).

In 1986 Shorack and Wellner investigated the properties of the symmetry process n^{1/2}|F_n −F̄^−_n |, where F̄^−_n is the distribution of the reflected sample [233], and MacGillivray presented a brief historical survey of univariate asymmetry measures. He noted that skewness was used either as an asymmetry measure, or as a tool to compare distributions [234]. The main measures are presented above.

Working with the random variable 2F (X) rather than with the random variable X leads to look for the symmetry of F around the constant 1, F being assumed to be continuous and strictly increasing. This approach was followed by Aki in 1987 [235] (see also Nabeya 1987 [236], Aki and Kashiwagi 1989 [237]). Given n independent and identically distributed random variables F_1, ..., F_n taking values over [0, 1], Aki considered a family of symmetry test statistics proportional to the norm of the function v_n(t) =^{i=n}P_{i=1}[2 · 1_{]−∞,1/2]}(F_i) − 1] · 1_{[0,t]}(Z_i), with Z_i = 2F_i when F_i ≤ 1/2, and

Z_i = 2(1 − F_i) when F_i > 1/2, and 1_{[,]} denotes the indicator function. The norm was either the L^∞ norm, or the L^1 or L^2 norm relative to the measure associated with the empirical distribution function of the Z_i [235-237].

Assuming an absolutely continuous distribution function F , Eubank, LaRiccia and Rosenstein tested in 1987 [238,239] the symmetry about zero with a sample, via estimation of the Fourier coefficients of the function d(u) = f(H^{−1}(u))/h(H^{−1}(u)), f being the density of F , and h being

the density of H, with H(x) = (F (x) + 1 − F (−x))/2. The overall measure was:

1R_{0 (d(u) − 1)2du.}

Providing that there is a density f, another family of symmetry criterions is obtained by derivation of [F (μ + x) + F (μ − x) − 1] at x. This derivative is null for all x when the density f is symmetric about μ. Assuming that μ is known, Li and Morris introduced in 1991 the following asymmetry measure: η =

+∞R_{−∞ |f(μ + x) − f(μ − x)|dx, such that the density has to be symmetric}

if η is null [240]. The authors found that this latter property was not achieved by other skewness measures.

Assuming an invertible distribution function F , Benjamini and Krieger analyzed in 1996 [241] the concept of skewness, by writing F^{−1}(y) as the sum of three terms:

F^{−1}(y) = F^{−1}(1/2) + SP (y) + SK(y). F^{−1}(1/2) is the median, SP (y) = (F^{−1}(y) − F^{−1}(1 − p))/2, is the spread function, and SK(y) = (F^{−1}(y) + F^{−1}(1 − p) − 2F^{−1}(1/2))/2, is the skewness function.

Then, dH(y) being some signed measure on y ∈ (0, 1) such that

1R_{0 dH(y) = 0, the proposed}

skewness measures were:

S^∗_H (F ) = [

1R_{0 F −1(y)dH(y)]/[} 1R_{0 −F −1(1 − y)dH(y)], and:}

S_H (F ) = [

1R_{1/2 SK(y)(dH(y) − dH(1 − y))]/[} 1R_{1/2 SP (y)(dH(y) + dH(1 − y))],}

this latter being obtained by considering the monotonic transformation (x − 1)/(x + 1).

4.2.3 Skewness measures: the multivariate case

One of the earliest multivariate symmetry test family was presented by Lancaster in 1965 [242]. The tests were devoted to permutation symmetry, i.e. the d-variate distribution is unchanged upon any permutation of its d arguments. When d = 2, this is an indirect symmetry around the first bisector. The tests were based on the invariance upon the d! permutations of the generalized correlation coefficients defined by the author [242].

A family of skewness measures of a multivariate sample was used in 1970 by Mardia, to test multivariate normality [243]. In the one-dimensional case, they reduce to the correlation between the sample mean and the sample variance, which is shown to be asymptotically proportional to the absolute value of the third order moment.

Malkovich and Afifi defined in 1973 the multivariate skewness of a random vector X, as: Max_{{C}}[E{(C^t · X − C^t · EX)^3}]^2/[V ar(C^t · X)]^3, where C is any non-null vector [244] (see also Baringhaus and Henze 1991 [245]). In the univariate case, this is the squared normalized centered third-order moment μ^2_3/σ^6.

Smith, in 1977 [246], defined a von Mises type bivariate circular symmetry test, using the expression of the distribution function F (r, θ) in polar coordinates. The marginals are R(r) and Θ(θ). The distribution is circularly symmetric if and only if R and Θ are independent and Θ is uniformly distributed on the circle. Considering a sample of size n, the test statistic was: U_n = ∞R_0 2πR_{0 (Zn(r, θ) − Z̄n(r))2dFn(r, θ), with Zn(r, θ) = Fn(r, θ) − Rn(r)θ/2π, and Z̄n(r) =} [ 2πR_{0 Zn(r, θ)dθ]/2π.} Baringhaus modified and generalized in 1991 this test for spherical symmetry of multivariate distributions in R^d [247]. The bivariate symmetry test statistic is modified: T_n = (n/2π) · ∞R_{0 [} 2πR_{0 (Zn(r, θ) − Z̄n(r))2dθ]dRn(r).} The expression of T_n is then rewritten: T_n = (1/n)^{i=n}P_{i=1} j=nP_{j=1 h(Xti · Xj · ‖Xi‖−1 · ‖Xj‖−1) · min{1 − (ξni − 1)/n, 1 − (ξnj − 1)/n},} where ξ_{nk} is the rank of ‖X_k‖ in the sample ‖X_1‖, ..., ‖X_n‖, and h(t) = [1/12]−[arccos(t)/4π]+ [(arccos(t))^2/8π^2]. The generalization to multivariate spherical symmetry is made via expansion of h(t) with Gegenbauer polynomials of order d/2.

Kariya and Eaton derived in 1977 [248] robust tests for spherical symmetry. When the distibution of X has spherical symmetry around the origin, the unit vector X/‖X‖ is uniformly distributed on the unit d-sphere. The tests are based on the invariance of the quadratic form z^t · V^{−1} · z, where z is any unit vector and V is the covariance matrix of X.

Isogai generalized in 1982 the skewness measure (mean − mode)/σ, with the following measure [249]: S = (μ − θ) · w^{−1}(V ) · (μ − θ), where μ is the mean, θ is the mode, and w(V ) an appropriate function of the covariance matrix V . It was used to test multivariate normality.

Oja gave in 1983 multivariate generalizations of the skewness, which, in the univariate case, are normalized functions of the deviation (mean − median) [250].

The multivariate generalization of the skewness proposed in 1984 by Srivastava is the quadratic mean of the d quantities μ_3/σ^3, taken in the d principal axis of the distribution [251]. It was used to test multivariate normality.

Blough considered in 1989 [252] multivariate symmetry around one or several p-dimensional hyperplanes in R^d, 0 ≤ p ≤ (d − 1). A unit vector u minimizing an univariate symmetry test such as that of Doksum et al. [222] (see section 4.2.2) is sought. If the test is passed, the projection pursuit method continues in the subspace orthogonal to u. The degree of symmetry of the distribution is the number of tests passed. When all the d tests are passed, the distribution is declared to be centrosymmetric.

As mentioned for the univariate case, the characteristic function c(t) = [u(t)+i·v(t)] is real when the centered random vector X is centrosymmetric around the origin. Thus, in 1992 [253] Ghosh and Ruymgaart extended the symmetry measure of Feuerverger and Mureika (see section 4.2.2) to the multivariate case. Heathcotte, Rachev and Cheng defined in 1995 [254] the characteristic symmetry function θ(t) = arctan[v(t)/u(t)], this latter differing from the characteristic symmetry function defined by Csörgö and Heathcotte (see section 4.2.2). The departure from linearity of the empirical characteristic symmetry function is used to test symmetry around a fixed or estimated constant.

Aki extended in 1993 [255] his univariate symmetry tests (see Aki 1987 and 1989 in section 4.2.2 [235-237]), working now on a d-dimensional hypercube rather than on [0, 1].

In 1993 Mori, Rohatgi and Székely used the vector E(X^t · V^{−1} · X · V^{−1/2} · X) as a multivariate measure of the skewness of a centered random variable X having a non-singular covariance matrix V [256,257]. In the univariate case, this is the normalized centered third-order moment μ_3/σ^3.

Avérous and Meste used in 1997 median balls with center c and radius λ as multivariate generalizations of the interquantile intervals [258]. The center is defined as a function of λ, and generalizes the median when λ is null. The mapping c(λ) defines a skewness function, and denoting by h a fixed unit vector, the scalar product c^t · h defines a function of skewness in the h direction. It generalizes the deviation between the median and the center of an interquantile. Integrating c(λ) for some measure of λ (related or not to the original distribution) gives a vector measuring the skewness of the original distribution. Its scalar product with h quantifies the skewness. In the same paper, the authors proposed a similar approach, based on the difference between the weights of the two directed tails of the distribution in the h direction, centered on the generalized median.

Koltchinskii developed in 1997 [259,260] a measure of spherical symmetry of the distribution function F , based on the functional Q(t) = R R^d [(t − x)/‖t − x‖]dF (x). The measure is: γ(F ) =

Sup_{{t}}‖Q(t + Q^{−1}(0)) − ψ(‖t‖) · (t/‖t‖)‖, where, denoting by S^{d−1} the boundary of the unit dsphere, ψ(λ) = R

S^d�^1

v^t · Q(λv + Q^{−1}(0)) · dU(v), U being the uniform probability distribution on

S^{d−1}. Q^{−1} is a multivariate quantile function. γ(F ) is null if and only if F is spherically symmetric [259], and Q^{−1}(0) is the center of symmetry.

In 2000 Koltchinskii and Sakhanenko [261] defined ellipsoidal symmetry measures of the distribution P of a random vector X from spherical symmetry measures of Y = V^{−1/2}·(X−μ), where μ is the expectation of X and V its covariance matrix. The expectation E = R R^d f(V^{−1/2} ·(x−μ))P (dx) is considered, f being an adequate bounded Borel function on R^d. When Y is spherically symmetric, denoting by U the uniform distribution on the boundary S^{d−1} of the unit d-sphere, and Π being the distribution of ‖Y ‖, the expectation E_0 =

+∞R_0 R_{Sd�1 f(ru)U(du)Π(dr) is equal to E. The}

elliptical symmetry measure is |E − E_0|.

Székely and Mori used in 2001 an asymmetry measure of a random vector X, which vanishes if and only if X and −X are identically distributed [262]. Y being a random vector independent and identically distributed to X, and E‖X‖ being the expectation of the euclidean norm of X, the measure is: (E‖X + Y ‖ − E‖X − Y ‖)/2E‖X‖. 5 Contributions not arising from chemistry, physics, and mathematics

5.1 Symmetry measures in computer sciences

The CSM/CCM measures and the folding/unfolding process of Zabrodsky, Peleg and Avnir, which were presented is section 2.6, result from a collaboration between chemists and computer scientists. The references to applications in computer vision and pattern recognition have been given in section 2.6.

An indirect symmetry measure was used in 1989 by Marola [263] to detect a symmetry axis in a digitized 2D image from the intensity function w: assuming that there are pairs of points in symmetric positions with respect to a given axis, the measure is: β = R R_{w(x, y)w(x̄, ȳ)dxdy/} R R_{w2(x, y)dxdy,} where (x̄, ȳ) is the point paired to (x, y). The coefficient is maximized for a perfectly symmetric image. The intensity function is the formal analog of a density function.

In 1993 Masuda, Yamamoto and Yamada measured rotational symmetry of 2D images via the directional correlation concept [264], which is related to the L^2 distance between the gradient of the intensity function and the gradient of the rotated intensity function. Indirect symmetry is measured similarly, via the rotated and inverted intensity function.

Bonneh, Reisfeld and Yeshurun defined in 1994 [265] a concept of local symmetry associated with a point x of a 2D image. Assuming that there is a set Γ(x) of couples of indices i, j such that x = (x_i + x_j)/2, the contribution C_{ij} of x_i and x_j to the symmetry associated with x is a function of ∇x_i and ∇x_j, where ∇x_k denotes the gradient of the intensity at x_k, k = 1..n. The symmetry associated with x is a weighted sum of the contributions C_{ij} over the set of couples of indices Γ(x).

The symmetry measures for convex sets developed by Margolin et al. in 1994 [189], and Tuzikov et al. in 1996 [190] have been mentioned in section 4.1.

In 1995 Cham and Cipolla [266] defined the symmetricity concept to measure local skew symmetry in 2D images. The symmetricity is computed for paired contour points, and measured according to a Mahalanobis distance, i.e. the metric is defined by an inverted covariance matrix. An overall symmetry measure is obtained by averaging symmetricities, and computed for each member of a generated ranked list of hypotheses for the axis of symmetry. Starting with initial hypotheses for the symmetry axis, an iterative procedure looks for the optimal symmetry measure.

5.2 Symmetry measures in biology

Assuming that a biological 2D or 3D object has a bounded contour expressed in spherical coordinates, Köhler used in 1991 the Fourier coefficients of the radial form function R to quantify symmetry [267]. For example, for a 2D object, the radial function satisfies R(ϕ) = R(ϕ ∓ 2π/n) for an n-fold rotation point, and R(ϕ_s − ϕ) = R(ϕ_s + ϕ) for a mirror line located at ϕ_s. The symmetry measure for a given symmetry G is the sum of the Fourier coefficients which do not vanish when G exists, divided by the sum of all Fourier coefficients.

In 1993 [268] Köhler proposed to quantify symmetry via the L^1 norm of the difference between

R and its transform R^′ by G: 2πR_{0 |R′(ϕ) − R(ϕ)|dϕ.} One year later [269] Köhler considered finite sets of n points, and quantified symmetry via the number n_c of points pertaining to the intersection domain of the set and its transformed image via G, provided that the contour of the set is defined. The symmetry measure was n_c/n. He proposed to quantify symmetry of 2D domains or figures, on the basis of the area of the intersection of the figure with its transformed images via G [269,270], the area being normalized to the area of the domain. This measure is related to overlap methods (see section 2.3).

In 1999 Köhler considered again finite sets of n points [271], and quantified symmetry via the sum of the distances between the points and their transformed image via G, minimized over the n! possible correspondences.

Marzec analyzed in 1999 [272] the deviations of 3D morphological structures of viruses from reference platonic solids, using the coefficients of their Fourier transform.

5.3 Symmetry measures in psychophysics

Zusne used in 1971 [273] the third-order moment and the self-overlap area as symmetry criteria of 2D figures.

Yodogawa defined in 1982 [274] the symmetropy concept to evaluate the symmetry of a 2D pattern, the intensity function of the image being discretized in gray levels. The symmetropy is an entropy-like, four-component vector measure based on the parity of the coefficients of 2D discrete Walsh functions. A 2D discrete Walsh function takes only two values: −1 or +1, and operates on a matrix, similarly to a 2D Fourier transform.

6 Relations with other fields and discussion

There is a fundamental relation between chirality or symmetry measures, and similarity measures: many chirality measures are defined from the similarity between a set and its mirror image, and there are symmetry measures defined from the similarity between the set and its rotated and translated copies. There is a vast literature about similarity in chemistry (e.g., see [275,276]), and in mathematics, for which the underlying concept is ”distance”.

As an example, there are probability metrics [164], which may be used to define chirality measures of distributions. Probability metrics are themselves related to the Monge-Kantorovitch transportation problem [277]: quantifying the chirality of a distribution is related to the minimized cost of transportation of the distribution on its inverted image. The relation with optimal superposition problems appears: e.g. the previously mentioned RMS (root mean square) chiral index derived from the Wasserstein distance, is formally related to RMS superposition methods such as Procrustes algorithms [163], which are commonly encountered in chemistry and data analysis.

Defining a chirality measure from some normalized minimized distance between an object and its inverted image is easy in many situations. Note that the major defect of most chirality measures is that there are chiral objects having a null chirality measure, like achiral objects. The axiom that d(X, Y ) = 0 ⇒ X = Y , X and Y being two objects in the space metrized by d, is the key to avoid this defect. Defining direct symmetry measures is more difficult. Let us try to define them by a general procedure.

First step: we consider a set E of objects, provided that the equality between any two objects is rigorously defined. Note that the definition of ”equality” may be simple or not, depending of what objects are considered: distributions, labelled graphs, lattices,...

Second step: we consider a set of operators {T }, and the product between two operators is defined, mapping {T } ⊗ {T } on {T }. The set {T } has a group structure for this product, and the neutral element is I. The group operates on E, offering the associativity property: T_1(T_2X) = (T_1T_2)X, the neutral element I being such that IX = X. Note that this model is not adequate for indirect symmetry, since improper isometries have no group structure and no neutral element.

Definition: an object X ∈ E is symmetric if and only if there exists T ≠ I such that T X = X. In other words, symmetry arises when an object is identical to one of its non-trivial transforms.

Some immediate properties follow. Denoting by T^{−1} the symmetric element of T , a symmetric object X is obviously such that T^{−1}X = X, and it is proved by recurrence that T^nX = X for any signed integer n. When X is symmetric for both operators T_1 and T_2, then T_1T_2X = T_2T_1X = X, meaning that T_1 and T_2 operate commutatively on X.

Third step: the space E is metrized with a distance d. Thus, an object X ∈ E is symmetric if and only if there exists T ≠ I such that d(T X, X) = 0.

Fourth step: consider the quantity Inf_{{T ≠I}}d(T X, X), and normalize it, if possible. Intuitively, quasi-symmetry is related to a small distance between the object and one of its non-trivial transforms [278], the smallness being evaluated by the normalizing factor, such as an upper bound of the distance, if any. This fourth step fails when it happens that Inf_{{T ≠I}}d(T X, X) = 0 despite the fact there is no T ≠ I such that d(T X, X) = 0. This failure cannot occur when the set {T } is of finite cardinality, but many direct symmetry models involve an infinite number of isometries.

A similar problem arises with skew indirect symmetry. An object having skew symmetry is the image of a symmetric object through a full rank linear transform A^{−1}. Consider an imperfectly skew symmetric object for which A is specified: its degree of symmetry could be defined as being that of its transformed image through A. Now, evaluating indirect skew symmetry without knowledge of A leads one to consider the lower bound of some chiral index, taken either over the set of all full rank transforms, or more specifically, over a subset of this latter such that there are at least two vectors of A allowed to have arbitrarily close directions. Since A may be arbitrarily close to some non-full rank transform, the lower bound of the chiral index is null, provided that this chiral index has the adequate continuity property (it is built to have it). It should be noted that considering a finite set of transforms avoids this problem, and that a skew symmetry index defined without considering any linear transform is just an ordinary symmetry index.

Other mathematical fields related to symmetry measures are group theory (see the chirality functions in section 2.1), fuzzy set theory (section 2.4), and information theory. Close relations betwen symmetry with information theory and entropy were outlined by Lin in 1996 [279] and 2001 [280], and some chirality measures derived from thermodynamical models are related to entropy (see Chauvin 1992 and 1996 [281,282]).

The relations between disorder and randomness can be clarified with quantitative symmetry arguments. For example, we consider a sequence of samples of increasing size n, from the uniform law over a segment. It is often intuitively assumed that the disorder increases with the size of the sample, because more random points there are, more disorder there is. On the other hand, the chiral index of the sample tends to the chiral index of the parent distribution (see section 2.9), i.e. it tends to zero, because the parent distribution is achiral. Thus the (indirect) symmetry increases with n. Disorder is assumed to decrease when symmetry increases: a contradiction. Our intuitive assumption is false, and the paradoxical conclusion from this example is: more random points there are, more symmetry there is, and less disorder there is.

Thanks to their many applications, chirality and symmetry measures are related to a number of scientific fields or physical phenomena, such as optical rotatory power, Jahn-Teller effect [283], kaon decays [284], etc. A summary of demonstrated applications was given by Avnir, Zabrodsky and Mezey in 1998 [285].

Many symmetry-related shape coefficients and sphericity coefficients have been ignored here, owing to their triviality. However, some important symmetry measures are missing, owing to the complexity of the underlying symmetry concepts. Among them are symmetry of lattices, or infinite distorted helices or, more generally, infinite mass media. Despite the usefulness of the related symmetry or chirality concepts, (e.g. see Sokolov 1985 [286]), elaborating a symmetry measure theory seems to be an open problem in these situations.

7 Conclusions

This review is not exhaustive, and probably many important works have not been cited. One of the reasons is that searching references in databases such as Chemical Abstracts, Zentralblatt MATH, or MathSciNet does not reveal all works about symmetry and chirality measures, because these latter are not declared as such in the title, in the summary or in the keyword list.

There is a diversity of methods, partly due to the diversity of potential or effective applications. In order to clarify the text, sophisticated methods have been roughly summarized, and the reader is invited to look at the original works.

As a final comment, it must be pointed out that some concepts appeared in the literature, were rediscovered independently by several authors, because they were working in quite different fields. Thus, it is hoped that this transdisciplinary review about symmetry and chirality measures will be useful to people who are concerned, or solely interested, by this fascinating research area.

Acknowledgments:

I am very grateful to Profs. David Avnir, Victor Kuzmin, Istvan Làszlo, Jean Maruani, Kurt Mislow and André Rassat for providing bibliographic references. I am also very grateful to Dr. Shu-Kun Lin for having encouraged me to write this review, and for a useful discussion about symmetry. I am indebted to Dr. Gyorgy Darvas, Prof. Joe Rosen, and Prof. Ehsan S. Soofi, for helpful comments on the manuscript. Many thanks to our documentalist, Mrs Danielle Samuel, for bibliographic assistance.

References

1. Hargittai, I.; Hargittai, M. Symmetry. A Unifying Concept. Shelter Publications Inc.: Bolinas, California, 1994.

2. Lord Kelvin. Baltimore Lectures on Molecular Dynamics and the Wave Theory of Light, Appendix H., sect. 22, footnote p. 619. C.J. Clay and Sons, Cambridge University Press Warehouse: London, 1904.

3. Hargittai, I.; Hargittai, M. Symmetry through the Eyes of a Chemist. 2nd. Ed., Plenum Press: New-York, 1995.

4. Mislow, K.; Bickart, P. An Epistemological Note on Chirality. Isr. J. Chem. 1977, 15, 1,6.

5. Guye, P.-A. Influence de la constitution chimique des dérivés du carbone sur le sens et les variations de leur pouvoir rotatoire. Compt. Rend. Hebdom. Acad. Sci. 1890, 110, 714-716.

6. Guye, P.-A. Sur le produit d’asymétrie. Compt. Rend. Hebdom. Acad. Sci. 1893, 16, 1378-1380.

7. Guye, P.-A. Sur le pouvoir rotatoire des corps appartenant à une série homologue.

Compt. Rend. Hebdom. Acad. Sci. 1893, 116, 1451-1454.

8. Guye, P.-A.; Chavanne, L. Sur le pouvoir rotatoire des éthers de l’acide valérique et de l’acide glycérique. Compt. Rend. Hebdom. Acad. Sci. 1893, 116, 1454-1457.

9. Brown, C. On the Relation of Optical Activity to the Character of the Radicals united to the Asymmetric Carbon Atom. Proc. Roy. Soc. Edinburgh 1890, 17, 181- 185.

10. Boys, S.F. Optical Rotatory Power. I.-A Theoretical Calculation for a Molecule Containing only Isotropic Refractive Centres. Proc. Roy. Soc. London, Series A 1934, 144, 654-675.

11. Boys, S.F. Optical Rotatory Power. II.-The Calculation of the Rotatory Power of a Molecule containing Four Refractive Radicals at the Corners of an Irregular Tetrahedron. Proc. Roy. Soc. London, Series A 1934, 144, 675-692.

12. Ruch, E.; Schönhofer, A.; Ugi I. Die Vandermondesche Determinante als Näherungsansatz für eine Chiralitätsbeobachtung, ihre Verwendung in der Stereochemie und zur Berechnung der optische Aktivität. Theor. Chim. Acta 1967, 7, 420-432.

13. Ruch, E.; Schönhofer, A. Näherungsformeln für spiegelungsantimetrische Moleküleigenschafen. Theor. Chim. Acta 1968, 10, 91-110.

14. Ruch, E. Homochiralität als Klassifizierungsprinzip von Molekülen spezieller Molekülklassen. Theor. Chim. Acta 1968, 11, 183-192.

15. Ruch, E.; Schönhofer, A. Theorie der Chiralitätsfunktionen. Theor. Chim. Acta 1970, 19, 225-287.

16. Ruch, E. Algebraic Aspects of the Chirality Phenomenon in Chemistry. Acc. Chem.

Res. 1972, 5, 49-56.

17. Mead, A.; Ruch, E.; Schönhofer, A. Theory of Chirality Functions, Generalized for Molecules with Chiral Ligands. Theor. Chim. Acta 1973, 29, 269-304.

18. Mead, C.A. Permutations Groups. Symmetry and Chirality in Molecules. Top. Curr.

Chem. 1974, 49, 1-88.

19. Dugundji, J.; Marquarding, D.; Ugi, I. Chirality and Hyperchirality. Chemica Scripta 1976, 9, 74-96.

20. Hässelbarth, W. Hyperchirality Revisited. Chemica Scripta 1976, 10, 97-100. 21. Mead, C.A. Comment on ”Hyperchirality”. Chemica Scripta 1976, 10, 101-104. 22. Ruch, E. Chiral Derivatives of Achiral Molecules: Standard Classes and the Problem of a Right-Left Classification. Angew. Chem. Int. Ed. English 1977, 16, 65-72.

23. Dugundji, J.; Marquarding, D.; Ugi, I. The Indeterminateness of Chirality Functions in Hyperchiral Families. Chemica Scripta 1977, 11, 17-24.

24. Mead, C.A. Comments on ”The Indeterminateness of Chirality Functions in Hyperchiral Families”, by Dugundji, Marquarding, and Ugi. Chemica Scripta 1977, 11, 145-147.

25. Hässelbarth, W. Hyperchirality Revisited Once More. Chemica Scripta 1977, 11, 148-150.

26. Keller, H.; Krieger, C.; Langer, E.; Lehner, H.; Derflinger, G. Concerning the Theory of Chirality Functions. Part 1. Construction and Discussion of Chirality Functions by Means of [2.2]metacyclophanes. J. Mol. Struct. 1977, 40, 279-293.

27. Keller, H.; Krieger, C.; Langer, E.; Lehner, H.; Derflinger, G. Zur Theorie der Chiralitätsfunktionen. II. Ûbereinstimmung und Diskrepanzen bei der Anwendung der Theorie der Chiralitätsfunktionen auf eine Molekülklasse der Gerüstsymmetrie C2h. Justus Liebigs Ann. Chem. 1977, 8, 1296-1308.

28. Keller, H.; Krieger, C.; Langer, E.; Lehner, H.; Derflinger, G. Zur Theorie der Chiralitätsfunktionen. III. Chiralitätsbeobachtungen im Absorptionsgebiet von [2.2]metacyclophanen. Tetrahedron 1978, 34, 871-877.

29. Keller, H.; Langer, E.; Lehner, H.; Derflinger, G. Zur Theorie der Chiralitätsfunktionen. IV. Ûber die Problematik Quantitativer Aussagen. Theor. Chim. Acta 1978, 49, 95-100.

30. Derflinger, G.; Keller, H. Zur Theorie der Chiralitätsfunktionen. V. Zum Konzept der Qualitative Vollständigkeit - eine Kritik. Theor. Chim. Acta 1978, 49, 101-105.

31. Ruch, E. Über die Fehleinschätzung der Theorie, eine Stellungnahme zur Kritik in den vorangehenden Beitragen von H. Keller, E. Langer, H. Lehner und G. Derflinger. Theor. Chim. Acta 1978, 49, 107-112.

32. Hartmann, H. Bemerkungen des Herausgebers zu den Abhandlungen von... Theor.

Chim. Acta 1978, 49, 113-114.

33. Meinköhn, D. On the Investigation of Pseudoscalar Molecular Properties and Polynomial Approximations According to Ruch and Schönhofer Theor. Chim. Acta 1978, 47, 67-79.

34. Langer, E.; Lehner, H. Concerning the Applicability of a Chirality Function to Different Chirality Observables. Monatsh. Chem. 1979, 110, 1003-1009.

35. Derflinger, G.; Keller, H. Concerning the Theory of Chirality Functions. VII. The Concept of Qualitative Supercompleteness. Theor. Chim. Acta 1980, 56, 1-43.

36. Mead, C.A. Comment on the Recent Controversy over the Theory of Chirality Functions. Theor. Chim. Acta 1980, 54, 165-168.

37. King, R.B. Chemical Applications of Topology and Group Theory. 13. Chirality and Framework Groups. Theor. Chim. Acta 1983, 63, 103-132.

38. King, R.B. Chemical Applications of Topology and Group Theory. XXI. Chirality in Transitive Skeletons and Qualitative Completeness. J. Math. Chem. 1987, 1, 15-44.

39. King, R.B. Chemical Applications of Topology and Group Theory. XXII. Lowest Degree Chirality Polynomials for Regular Polyhedra. J. Math. Chem. 1987, 1, 45- 49.

40. King, R.B. Chirality Polynomials. J. Math. Chem. 1988, 2, 89-115. 41. King, R.B. Experimental Tests of Chirality Algebra. J. Math. Chem. 1991, 7, 69-84. 42. Buda, A.B.; Auf der Heyde, T.P.E.; Mislow, K. Geometric Chirality Products. J.

Math. Chem. 1991, 6, 243-253.

43. Mislow, K.; Poggi-Corradini, P. Shape Space of Achiral Simplexes. J. Math. Chem.

1993, 13, 209-211.

44. Mezey, P.G. Rules on Chiral and Achiral Molecular Transformations. J. Math. Chem.

1995, 17 185-202.

45. Mezey, P.G. Rules on Chiral and Achiral Molecular Transformations. II. J. Math.

Chem. 1995, 18, 135-139.

46. Kuzmin, V.E. Homo- and Heterochirality of Dissymmetric Tetrahedra (Chiral Simplices), Stereochemical Tunneling. Zh. Strukt. Khim. 1995, 36, 873-878.

47. Weinberg, N.; Mislow, K. On Chiral Pathways in E^n: a Dimensional Analysis.

Theor. Chim. Acta 1997, 95, 63-65.

48. Mezey, P.G. Mislow’s Label Paradox, Chirality Preserving Conformational Changes, and Related Chirality Measures. Chirality 1998, 10, 173-179.

49. Mislow, K. Limitations of the Symmetry Criteria for Optical Inactivity and Resolvability. Science (Washington DC) 1954, 120, 232-233.

50. Mislow, K.; Bolstad, R. Molecular Dissymetry and Optical Inactivity. J. Am. Chem.

Soc. 1955, 77, 6712-6713.

51. Weinberg, N.; Mislow, K. On Chirality Measures and Chirality Properties. Can. J.

Chem. 2000, 78, 41-45.

52. Damhus, T.; Schäffer, C.E. Three Reference Systems for Chirality Specification.

Application, Geometric Properties and Mutual Relationships. Inorg. Chem. 1983, 22, 2406-2412.

53. Buda, A.B.; Auf der Heyde, T.; Mislow, K. On Quantifying Chirality. Angew. Chem.

Int. Ed. English 1992, 31, 989-1007.

54. Rassat, A. Un critére de classement des systèmes chiraux de points à partir de la distance au sens de Haussdorf. Compt. Rend. Acad. Sci. Paris (Série II) 1984, 299, 53-55.

55. Buda, A.B.; Mislow, K. A Hausdorff Chirality Measure. J. Am. Chem. Soc. 1992, 114, 6006-6012.

56. Figgemeier, E.; Hiltrop, K. Quantified Chirality, Molecular Similarity, and Helical Twisting Power in Lyotropic Chiral Nematic Guest/Host Systems. Liq. Cryst. 1999, 26, 1301-1305.

57. Coffey, I.; Drapala, J.A.; Erber, T. Chiral Hausdorff Metrics and Structural Spectroscopy in a Complex System. J. Phys. A, Math. Gen 1999, 32, 2263-2284.

58. Mezey, P.G. The Proof of the Metric Properties of a Fuzzy Chirality Measure of Molecular Electron Density Clouds. J. Mol. Struct. (THEOCHEM) 1998, 455, 183- 190.

59. Gilat, G.; Schulman, L.S. Chiral Interaction, Magnitude of the Effects and Application to Natural Selection of L-Enantiomer. Chem. Phys. Lett. 1985, 121, 13-16.

60. Dinghas, A. Über das Verhalten der Entfernung zweier Punktmengen bei gleichzeigtiger Symmetrisierung derselben. Arch. Math., 1957, 8, 46-51.

61. Kitaigorodskii, A.I. Organic Chemical Crystallography. Chap. 4, Sect. 15, p. 230.

Consultants Bureau Ets. Inc.: New-York, 1961.

62. Gilat, G. Chiral Coefficient-a Measure of the Amount of Structural Chirality. J.

Phys. A, Math. Gen. 1989, 22, L545-L550.

63. Petitjean, M. Geometric Molecular Similarity from Volume-Based Distance Minimization: Application to Saxitoxin and Tetrodotoxin. J. Comput. Chem. 1995, 16, 80-90.

64. Gilat, G.; Gordon, Y. Geometric Properties of Chiral Bodies. J. Math. Chem. 1994, 16, 37-48.

65. Maruani, J.; Gilat, G.; Veysseyre, R. Chirality Limits of Convex Bodies. Compt.

Rend. Acad. Sci. Paris (Série II) 1994, 319, 1165-1172.

66. Gilat, G. On Quantifying Chirality-Obstacles and Problems towards Unification. J.

Math. Chem. 1994, 15, 197-205.

67. Buda, A.B.; Mislow, K. On a Measure of Axiality for Triangular Domains. Elem.

Math. 1991, 46, 65-73.

68. Buda, A.B.; Mislow, K. On Geometric Measures of Chirality. J. Mol. Struct. 1991, 232, 1-12 (THEOCHEM 1991, 78, 1-12).

69. Meyer, A.Y.; Richards, W.G. Similarity of Molecular Shape. J. Comput.-Aided Mol.

Des. 1991, 5, 427-439.

70. Seri-Levy, A.; Richards, W.G. Chiral Drug Potency: Pfeiffer’s Rule and Computed Chirality Coefficients. Terahedron: Asymmetry 1993, 4, 1917-1923.

71. Seri-Levy, A.; West, S.; Richards, W.G. Molecular Similarity, Quantitative Chirality, and QSAR for Chiral Drugs. J. Med. Chem. 1994, 37, 1727-1732.

72. Mezey, P.G. A Proof of the Metric Properties of the Symmetric Scaling-Nesting Dissimilarity Measure and Related Symmetry Deficiency Measures. Int. J. Quant. Chem. 1997, 63, 105-109.

73. Mezey, P.G.; Ponec, R.; Amat, L.; Carbo-Dorca R. Quantum Similarity Approach to the Characterization of Molecular Chirality. Enantiomer 1999, 4, 371-378.

74. Maruani, J.; Mezey, P.G. Le concept de <<syntopie>>: une extension continue du concept de symétrie pour des structures quasi-symétriques à l’aide de la méthode des ensembles flous. Compt. Rend. Acad. Sci. Paris (Série II) 1987, 305, 1051-1054. (Correction: 1988, 306, 1141.)

75. Maruani, J.; Mezey, P.G. From Symmetry to Syntopy: a Fuzzy-Set Approach to Quasi-symmetric Systems. J. Chim. Phys. 1990, 87, 1025-1047.

76. Mezey, P.G.; Maruani, J. The Concept of ’Syntopy’. A Continuous Extension of the Symmetry Concept for Qausi-Symmetric Structures using Fuzzy-Set Theory. Mol. Phys. 1990, 69, 97-113.

77. Mezey, P.G.; Maruani, J. The Fundamental Syntopy of Quasi-Symmetric Systems:

Geometric Criteria and the Underlying Syntopy of a Nuclear Configuration Space. Int. J. Quant. Chem. 1993, 45, 177-187.

78. Maruani, J.; Toro-Labbé, A. Le modèle de la syntopie et l’état de transition de réactions chimiques: fonctions d’appartenance et coefficients de Brönsted pour l’isomérisation cis-trans. Compt. Rend. Acad. Sci. Paris (Série IIb) 1996, 323, 609- 615.

79. Mezey, P.G. The Degree of Similarity of Three-Dimensional Bodies: Application to Molecular Shape Analysis. J. Math. Chem. 1991, 7, 39-49.

80. Mezey, P.G. Similarity Analysis in Two and Three Dimensions Using Lattice Animals and Polycubes. J. Math. Chem. 1992, 11, 27-45.

81. Weinberg, N.; Mislow, K. A Unification of Chirality Measures. J. Math. Chem.

1995, 17, 35-53.

82. Kuz’min, V.E.; Stel’makh, I.B.; Possible Approach to the Quantitative Evaluation of the Asymmetry of Molecules. Zh. Strukt. Khim. 1987, 28, 45-49.

83. Kuz’min, V.E.; Stel’makh, I.B. Use of an Asymmetry Function for the Quantitative Evaluation of the Properties of Molecules Caused by Chirality. Zh. Strukt. Khim. 1987, 28, 50-55.

84. Kuz’min, V.E.; Stel’makh, I.B. Analysis of Enantioselectivity of Chiral Crown Ethers by the Dissymetry Function Method. Dokl. Akad. Nauk SSSR 1989, 307, 150-152.

85. Kutulya, A.; Kuz’min, V.E.; Stel’makh, I.B.; Nemchenok, I.B.; Khandrimailova, T.V. Possibility of the Use of Dissymmetry Functions for the Quantitative Characterization of the Twisting Ability of Chiral Compounds in a Nematic Mesophase. Zh. Obshch. Khim. 1990, 60, 737-749.

86. Kuz’min, V.E.; Stel’Makh, I.B.; Bekker, M.B.; Pozigun, D.V. Quantitative Aspects of Chirality. I. Method of Dissymetry Function. J. Phys. Org. Chem. 1992, 5, 295- 298.

87. Kuz’min, V.E.; Stel’Makh, I.B.; Yudanova, I.V.; Pozigun, D.V.; Bekker, M.B. Quantitative Aspects of Chirality. II. Analysis of Dissymetry Function Behaviour with Different Changes in the Structure of the Model Systems. J. Phys. Org. Chem. 1992, 5, 299-307.

88. Kutulya, L.A.; Kuz’min, V.E.; Stel’Makh, I.B.; Handrimailova, T.V.; Shtifanyuk, P.P. Quantitative Aspects of Chirality. III. Description of the Influence of the Structure of Chiral Compounds on their Twisting Power in the Nematic Mesophase by Means of the Dissymetry Function. J. Phys. Org. Chem. 1992, 5, 308-316.

89. Kuzmin, V.E.; Chelombitko, V.A.; Yudanova, I.V.; Stelmakh, I.B.; Rublev, I.S.

Stereochemical Analysis by Simplex Representation of Molecules. Zh. Strukt. Khim. 1998, 39, 553-558.

90. Alikhanidi, S.É.; Kuzmin, V.E. Optimization of Molecular Asymmetry Estimation by the Dissymetry Function Method. Zh. Strukt. Khim. 2000, 41, 795-804.

91. Hel-Or, Y.; Peleg S.; Zabrodsky, H. How to Tell Right to Left. Proc. IEEE Conf.

Computer Vision Pattern Recognition (CVPR’88) 1988, pp. 304-309. 92. Hel-Or, Y.; Peleg, S.; Avnir, D. Two-Dimensional Rotational Dynamic Chirality and a Chirality Scale. Langmuir 1990, 6, 1691-1695. (Correction: 1994, 10, 1633).

93. Avnir, D.; Meyer, A.Y. Quantifying the Degree of Molecular Shape Distortion. A Chirality Measure. J. Mol. Struct. 1991, 226, 211-222. (THEOCHEM 1991, 72, 211-222.)

94. Zabrodsky, H.; Peleg, S.; Avnir, D. Continuous Symmetry Measures. J. Am. Chem.

Soc. 1992, 114, 7843-7851.

95. Zabrodsky, H.; Peleg, S.; Avnir, D. A Measure of Symmetry Based on Shape Similarity. Proc. IEEE Conf. Computer Vision Pattern Recognition (CVPR’92) 1992, pp. 703-706.

96. Zabrodsky, H.; Peleg, S.; Avnir, D. Hierarchical Symmetry. Proc. 11th IAPR Int.

Conf. Pattern Recognition 1992, vol III: Conference C, pp. 9-12.

97. Zabrodsky, H.; Peleg, S.; Avnir, D. Completion of Occluded Shapes using Symmetry.

Proc. IEEE Conf. Computer Vision Pattern Recognition (CVPR’93) 1993, pp. 678- 679.

98. Zabrodsky, H.; Peleg, S.; Avnir, D. Continuous Symmetry Measures. 2. Symmetry Groups and the Tetrahedron. J. Am. Chem. Soc. 1993, 115, 8278-8289. (Correction: 1993, 115, 11656) 99. Zabrodsky, H.; Algom, D. Continuous Symmetry: a Model for Human Figural Perception. Spatial Vision 1994, 8, 455-467.

100. Zabrodsky, H.; Peleg, S.; Avnir, D. Symmetry of Fuzzy Data. Proc. 12th IAPR Int.

Conf. Pattern Recognition 1994, vol I: Conference A, pp. 499-504. 101. Zabrodsky, H.; Peleg, S.; Avnir, D. Continuous Symmetry for Shapes. Proc. 2nd International Workshop on Visual Form: Aspects of Visual Form Processing Arcelli, C.; Cordella, L.P.; Sanniti di Baja G, eds., World Scientific: Singapore, 1994, pp. 594-613.

102. Zabrodsky, H.; Avnir, D. Continuous Symmetry Measures. 4. Chirality. J. Am.

Chem. Soc. 1995, 117, 462-473.

103. Buch, V.; Gershgoren, E.; Zabrodsky Hel-Or, H.; Avnir, D. Symmetry Loss as a Criterion for Cluster Melting, with Application to (D_2)_{13}. Chem. Phys. Lett. 1995, 247, 149-153.

104. Kanis, D.R.; Wong, J.S.; Marks, T.J.; Ratner, M.A.; Zabrodsky H.; Keinan, S.;

Avnir, D. Continuous Symmetry Analysis of Hyperpolarizabilities. Characterization of the Second-Order Nonlinear Optical Response of Distorted Benzene. J. Phys. Chem. 1995, 99, 11061-11066.

105. Zabrodsky, H.; Avnir, D. Measuring Symmetry in Structural Chemistry. Adv. Mol.

Struct. Res. 1995, 1, 1-31.

106. Zabrodsky, H.; Avnir, D. Symmetry as a Continuous Feature. IEEE Trans. Pattern Anal. Machine Intell. 1995, 17, 1154-1166.

107. Katzenelson, O.; Zabrodsky Hel-Or, H.; Avnir, D., Chirality of Large Random Supramolecular Structures. Chem. Eur. J. 1996, 2, 174-181.

108. Keinan, S.; Zabrodsky Hel-Or, H.; Avnir, D. How Much Chirality was There in Pasteur’s Tartrate Crystals? The Quantitative Evaluation of the Chirality of Crystals. Enantiomer 1996, 1, 351-357.

109. Pinto, Y.; Zabrodsky Hel-Or, H.; Avnir, D. Continuous Chirality Analysis of Interconversion Pathways of the Water-Trimer Enantiomers. J. Chem. Soc. Faraday Trans. 1996, 92, 2523-2527.

110. Avnir, D.; Katzenelson, O.; Keinan, S.; Pinsky, M.; Pinto, Y.; Salomon Y.; Zabrodsky Hel-Or, H. The Measurement of Symmetry and Chirality: Conceptual Aspects, in Concepts in Chemistry. A Contemporary Challenge, Chap. 9, pp. 283- 324, D.H.Rouvray Ed., University of Georgia, USA, Research Studies Press Ltd., Taunton, Somerset, England, Wiley: New-York, 1996.

111. Barron L.D. On the Definition of Chirality. Chem. Eur. J. 1996, 2, 743-744. 112. Avnir, D.; Katzenelson, P; Zabrodsky Hel-OR, H. Further Comments on the Chirality of Large Random Objects. Chem. Eur. J. 1996, 2, 744-746.

113. Kantani, K. Comments on ”Symmetry as a Continuous Feature”. IEEE Trans. Pattern Anal. Machine Intell. 1997, 19, 246-247.

114. Zabrodsky, H.; Weinshall, D. Using Bilateral Symmetry to Improve 3D Reconstruction from Image Sequences. Comput. Vision Image Underst. 1997, 67, 48-57.

115. Saragusti, I.; Sharon, I.; Katzenelson, O.; Avnir, D. Quabtitative Analysis of the Symmetry of Artefacts: Lower Paleolithic Handaxes. J. Archaeol. Sci. 1998, 25, 817-825.

116. Keinan, S.; Avnir, D. Quantitative Chirality in Structure-Activity Correlations. Shape Recognition by Trypsin, by the D2 Dopamine Receptor, and by Cholinesterases. J. Am. Chem. Soc. 1998, 120, 6152-6159.

117. Pinsky, M.; Avnir, D. Continuous Symmetry Measures. 5. The Classical Polyhedra.

Inorg. Chem. 1998, 37, 5575-5582.

118. Pinto, Y.; Fowler, P.W.; Mitchell, D.; Avnir, D. Continuous Chirality Analysis of Model Stone-Wales Rearrangements in Fullerenes. J. Phys. Chem. (B) 1998, 102, 5776-5784.

119. Pinto, Y.; Salomon, Y.; Avnir, D. Properties and Classification of Enantiomerization Pathways. J. Math. Chem. 1998, 23, 13-29.

120. Keinan, S.; Pinsky, M.; Plato, M.; Edelstein, J.; Avnir, D. Quantitative Evaluation of the Near-C2 Symmetry of the Bacterial Photosynthetic Reaction Center. Chem. Phys. Lett. 1998, 298, 43-50.

121. Salomon, Y.; Avnir, D. Continuous Symmetry Measures: A Note in Proof of the Folding/Unfolding Method. J. Math. Chem. 1999, 25, 295-308.

122. Alikhanidi, S.É; Kuzmin, V.E. Evaluating Molecular Asymmetry. Zh. Strukt. Khim.

1998, 39, 547-552.

123. Alikhanidi, S.E.; Kuz’min, V.E. Quantitative Evaluation of Molecular Chirality on the Base of a Optimized Approach to Comparison of Original and Reflected Structures. Dopovidi Nac. Akad. Nauk. Ukr. 1999, 3, 138-141.

124. Alikhanidi, S.; Kuz’min, V.E.; Kutulya L.A. On Relationship between Helical Twisting Power of Chiral Dopants in Induced Cholesteric Mesophase and their Chirality Parameters. Funct. Mater. 1999, 6, 710-714.

125. Salomon, Y.; Avnir, D. Continuous Symmetry Measures: Finding the Closest C2- Symmetric Object or Closest Reflection-Symmetric Object Using Unit Quaternions. J. Comput. Chem. 1999, 20, 772-780.

126. Lipkowitz, K.B.; Gao, D.; Katzenelson, O. Computation of Physical Chirality: An Assessment of Orbital Desymmetrization Induced by Common Chiral Auxiliaries. J. Am. Chem. Soc. 1999, 121, 5559-5564.

127. Katzenelson, O.; Edelstein, J.; Avnir, D. Quantitative Chirality of Helicenes. Tetrahedron: Asymmetry 2000, 11, 2695-2704.

128. Katzenelson, O.; Avnir, D. Quantitative Chirality/Enantioselectivity Relations in Large Random Supramolecular Structures. Chem. Eur. J. 2000, 6, 1346-1354.

129. Lipkowitz, K.B.; Schefzick, S.; Avnir, D. Enhancement of Enantiomeric Excess by Ligand Distortion. J. Am. Chem. Soc. 2001, 123, 6710-6711.

130. Pinsky, M.; Lipkowitz, K.B.; Avnir, D. Continuous Symmetry Measures. VI. The Relations between Polyhedral Point-Group/Subgroup Symmetries. J. Math. Chem. 2001, 30, 109-120.

131. Keinan, S.; Avnir, D. Studies in Copper(II) Complexes: Correlations Between Quantitative Symmetry and Physical Properties. J. Chem. Soc. Dalton Trans. 2001, 6, 941-947.

132. Keinan, S.; Avnir, D. Continuous Symmetry Analysis of Tetrahedral/Planar Distortions. Copper Chlorides and Other AB4 Species. Inorganic Chem. 2001, 40, 318-333.

133. Pinto, Y.; Avnir D. A Generalized Handedness Labeling Strategy: Addressing Latent Handedness in Chiral Structures. Enantiomer 2001, 6, 211-217.

134. Alvarez, S.; Pinsky, M.; Avnir, D. A Continuous Chirality Analysis of Homoleptic Hexacoordinated Complexes. Eur. J. Inorg. Chem. 2001, 6, 1499-1503.

135. Alvarez, S; Pinsky, M; Llunell, M; Avnir, D.; Continuous Chirality Analysis of Hexacoordinated Tris-Chelated Metal Complexes. Cryst. Eng. 2001, 4, 179-200.

136. Jonas, J. Kvantifikace Chirality. Chem. Listy 2001, 95, 342-343. 137. Alvarez, S; Avnir, D.; Llunell, M.; Pinsky, M. Continuous Symmetry Maps and Shape Classification. The Case of Six-Coordinated Metal Compounds. New J. Chem. 2002, 26, 996-1009.

138. Kane, S.A. Quantitative Chirality Measures Applied to Domain Formation in Langmuir Monolayers. Langmuir 2002, 18, 9853-9858.

139. Murray-Rust, P.; Bürgi, H.B.; Dunitz, J.D. Distortions of MX_4 Molecules from T_d Symmetry. I. Kernel, Co-kernel and Averaged Configurations. Acta Cryst. B 1978, B34, 1787-1793.

140. Murray-Rust, P.; Bürgi, H.B.; Dunitz, J.D. Distortions of MX_4 Molecules from T_d Symmetry. II. Analysis of PO_4, SO_4, and AlCl_4 Species. Acta Cryst. B 1978, B34, 1793-1803.

141. Murray-Rust, P.; Bürgi, H.B.; Dunitz, J.D. Description of Molecular Distortions in Terms of Symmetry Coordinates. Acta Cryst. A 1979, A35, 703-713.

142. Auf der Heyde, T.P.E.; Buda, A.B.; Mislow, K. Desymmetrization and Degree of Chirality. J. Math. Chem. 1991, 6, 255-265.

143. Weinberg, N.; Mislow, K. Distance Functions as Generators of Chirality Measures.

J. Math. Chem. 1993, 14, 427-450.

144. Zimpel, Z. A Geometrical Approach to the Degree of Chirality and Asymmetry. J.

Math. Chem. 1993, 14, 451-465.

145. Osipov, M.A.; Pickup, B.T.; Dunmur, D.A. A New Twist to Molecular Chirality:

Intrinsic Chirality Indices. Mol. Phys. 1995, 84, 1193-1206.

146. Osipov, M.A.; Pickup, B.T.; Fehervari, M.; Dunmur, D.A. Chirality Measure and Chiral Order Parameter for a Two-Dimensional System. Mol. Phys. 1998, 94, 283- 287.

147. Randic, M.; Razinger, M. Molecular Shapes and Chirality. J. Chem. Inf. Comput.

Sci. 1996, 36, 429-441.

148. Moreau, G. Atomic Chirality, a Quantitative Measure of the Chirality of the Environment of an Atom. J. Chem. Inf. Comput. Sci. 1997, 37, 929-938.

149. Smirnov, B.B.; Evtushenko, A.V.; Lebedev, O.V. Positive Approach to Chirality. I.

The Problem of Protosymmetry and Prototypes of Point Symmetry Elements. Zh. Org. Khim. 1997, 33, 1129-1133.

150. Smirnov, B.B.; Lebedev, O.V.; Evtushenko, A.V. Positive Approach to Chirality.

II. Classification of Chirality by its Formal Nature, Russian Journal of Organic Chemistry. Zh. Org. Khim. 1997, 33, 1134-1136.

151. Smirnov, B.B.; Lebedev, O.V.; Evtushenko, A.V. Positive Approach to Chirality.

III. Quantitative Estimation of the Chirality of the First Kind. Zh. Org. Khim. 1997, 33, 1326-1327.

152. Smirnov, B.B.; Lebedev, O.V.; Evtushenko, A.V. Positive Approach to Chirality.

IV. Quantitative Estimation of the Chirality of the Second Kind. Zh. Org. Khim. 1997, 33, 1328-1329.

153. Smirnov, B.B.; Lebedev, O.V.; Evtushenko, A.V. Chirality and General Aspects of Symmetry. Acta Cryst. (Section A) 1999, A55, 790-802.

154. Raji, M.; Cossé-Barbi, A. Shape Recognition and Chirality Measure by Fitting a Discrete Pattern onto a Continuous Function. Compt. Rend. Acad. Sci. Paris (Série IIb) 1997, 324, 51-57.

155. Cossé-Barbi, A.; Raji M. Constrained and Unconstrained Chirality Functions. A New Method, Going from Discrete to Continuous Space, to Find the Best Overlap Between Enantiomer Atoms. Struct. Chem. 1997, 8, 409-420.

156. Cossé-Barbi, A.; Raji M. Discrete Pattern Recognition by Fitting onto a Continuous Function. J. Comput. Chem. 1997, 15, 1875-1892.

157. Raji, M.; Cossé-Barbi, A. A Classification of Congruity-Based Chirality Measures According to Four Criteria. Compt. Rend. Acad. Sci. Paris (Série IIb) 1997, 324, 133-138.

158. Raji, M.; Cossé-Barbi, A. Shape Recognition and Chirality Measure: Reestablishing the link between Similarity and Dissimilarity in Discrete Space. Chemom. Intell. Lab. Sys. 1999, 47, 219-225.

159. Petitjean, M. About Second Kind Continuous Chirality Measures. 1. Planar Sets.

J. Math. Chem. 1997, 22, 185-201.

160. Petitjean, M. Calcul de chiralité quantitative par la méthode des moindres carrés.

Compt. Rend. Acad. Sci. Paris (Série IIc) 1999, 2, 25-28.

161. Petitjean, M. On the Root Mean Square Quantitative Chirality and Quantitative Symmetry Measures. J. Math. Phys. 1999, 40, 4587-4595.

162. Petitjean, M. Chiralité quantitative: le modèle des moindres carrés pondérés. Compt.

Rend. Acad. Sci. Paris (Série IIc) 2001, 4, 331-333.

163. Petitjean, M. Chiral Mixtures. J. Math. Phys. 2002, 43, 4147-4157. 164. Rachev, S.T. Probability Metrics and the Stability of Stochastic Models. Wiley Series in Probability and Mathematical Statistics, John Wiley and Sons: New-York, 1991.

165. Fowler, P.W. Vocabulary for Fuzzy Symmetry. Nature 1992, 360, 626. 166. Mezey, P.G. Generalized Chirality and Symmetry Deficiency. J. Math. Chem. 1998, 23, 65-84.

167. Grimme, S. Continuous Symmetry Measures for Electronic Wavefunctions. Chem.

Phys. Lett. 1998, 297, 15-22.

168. Ferrarini, A.; Nordio, P.L. On the Assessment of Molecular Chirality. J. Chem. Soc.

Perkin Trans. 2 1998, 2, 455-460.

169. Le Guennec, P. On the Concept of Chirality. J. Math. Chem. 1998, 23, 429-439. 170. Le Guennec, P. Towards a Theory of Molecular Recognition. Theor. Chem. Acc.

1999, 101, 151-158.

171. Le Guennec, P. Two-dimensional Theory of Chirality. I. Absolute Chirality. J. Math.

Phys. 2000, 41, 5955-5985.

172. Le Guennec, P. Two-dimensional Theory of Chirality. II. Relative Chirality and the Chirality of Complex Fields. J. Math. Phys. 2000, 41, 5986-6006.

173. Harris, A.B.; Kamien, R.D.; Lubensky, T.C. Molecular Chirality and Chiral Parameters. Rev. Mod. Phys. 1999, 71, 1745-1757.

174. Kamien, R.D. Chiral Interactions and Structures. Mol. Cryst. Liq. Cryst. 2001, 358, 97-101.

175. Benigni, R.; Cotta-Ramusino, M.; Gallo, G.; Giorgi, F.; Giuliani, A.; Vari, M.R.

Deriving a Quantitative Chirality Measure from Molecular Similarity Indices. J. Med. Chem. 2000, 43, 3699-3703.

176. Randic, M. Graph Theoretical Descriptors of Two-Dimensional Chirality with Possible Extension to Three-Dimensional Chirality. J. Chem. Inf. Comput. Sci. 2001, 41, 639-649.

177. Raos, G. Degrees of Chirality in Helical Structures. Macromol. Theor. Sim. 2002, 11, 739-750.

178. Làszlo, I; Rassat, A. Continuous Symmetry and Chirality Measures for Fullerenes.

Structural and Electronic Properties of Molecular Nanostructures: AIP Conference Proceedings 2002, 633, 413-416.

179. Rassat, A.; Làszlo, I.; Fowler, P.W. Topological Rotational Strengths as Chirality Descriptors for Fullerenes. Chem. Eur. J. 2003, 9, 644-651.

180. Grünbaum, B. Measures of Symmetry for Convex Sets. Proceedings of Symposia in Pure Mathematics, vol. VII, Convexity, pp. 233-270, V.L. Klee Ed., American Mathematical Society: Providence, Rhode Island, 1963.

181. Minkowski, H. Allgemeine Lehrsätze über die Convexen Polyeder. Nachr. Königl.

Ges. Wiss. Göttingen, Math.-phys. Klasse 1897, 198-219.

182. Nohl, W. Die Innere Axiale Symmetrie Zentrischer Eibereiche der Euklidischen Ebene. Elem. Math 1962, 17, 59-63.

183. Krakowski, F. Bemerkung zu einer Arbeit von W. Nohl. Elem. Math 1963, 18, 60-61.

184. Chakerian, G.D.; Stein, S.K. On Measures of Symmetry of Convex Bodies. Can. J.

Math. 1964, 16, 497-504.

185. deValcourt, B.A. Measures of Axial Symmetry for Ovals. Bull. Amer. Math. Soc.

1966, 72, 289-290.

186. Devalcourt, B.A. Measures of Axial Symmetry for Ovals. Isr. J. Math. 1966, 4, 65-82.

187. de Valcourt, B.A. Axially Symmetric Polygons Inscribed in and Circumscribed about Convex Sets. Elem. Math 1967, 22, 121-133.

188. Cieslak, W.; Zajac, J. A Measure of Symmetry for Ovals. Portug. Math. 1985-1986, 43, 485-493.

189. Margolin, G.L.; Tuzikov, A.V.; Grenov, A.I. Reflection Symmetry Measure for Convex Sets. Proc. Int. Conf. Image Processing (ICIP-94) 1994, 1, 691-695.

190. Tuzikov, A.V.; Margolin, G.L., Heijmans, H.J.A.M. Efficient Computation of a Reflection Symmetry Measure for Convex Polygons Based on Minkowski Addition. Proc. 13th Int. Conf. Pattern Recognition 1996, vol. II, track B, pp. 236-240, 191. Kaiser, M.J. The Critical Point and Related Symmetry Measures of a Planar Convex Set. Computers Math. Applic. 1996, 32, 79-98.

192. Groemer, H. Stability Theorems for Two Measures of Symmetry. Discr. Comput.

Geom. 2000, 24, 301-311.

193. Van Zwet, W.R., Convex Transformations of Random Variables. p.8. Mathematical Centre Tracts, 2nd. ed.: Amsterdam, 1970.

194. Bell, C.B.; Haller, H.S. Bivariate Symmetry Tests: Parametric and Nonparametric.

Ann. Math. Stat 1969, 40, 259-269.

195. Neuhaus, G.; Zhu, L.-X. Permutation Tests for Multivariate Location Problems. J.

Multiv. Anal. 1999, 69, 167-192.

196. Zuo, Y.; Serfling, R. On the Performance of Some Robust Nonparametric Location Measures Relative to a General Notion of Multivariate Symmetry. J. Stat. Planning Inference 2000, 84, 55-79.

197. Hajek, J.; Sidak, Z. Theory of Rank Tests. Academic Press: New-York, 1967. 198. Wormleighton, R. Some tests of Permutation Symmetry. Ann. Math. Stat 1959, 30, 1005-1017.

199. Gupta, M.K. An Asymptotically Nonparametric Test of Symmetry. Ann. Math. Stat.

1967, 38, 849-866.

200. Sen, P.K. Nonparametric Tests for Multivariate Interchangeability. Part I: Problems of Location and Scale in Bivariate Distributions. Sankhya A 1967, 29, 351-372.

201. Sen, P.K. On a Class of Aligned Rank Order Tests in Two-Way Layouts. Ann. Math.

Stat 1968, 39, 1115-1124.

202. Hollander, M.; Wolfe, D.A. Nonparametric Statistical Methods. pp. 236-246. John Wiley and Sons: New-York, 1973.

203. Antille, A.; Kersting, G. Tests for Symmetry. Z. Wahr. Verw. Geb. 1977, 39, 235- 255.

204. Davis, C.E.; Quade, D. U-Statistics for Skewness or Symmetry. Commun. Stat.

Theor. Methods 1978, A7, 413-418.

205. Beran , R. Testing for Ellipsoidal Symmetry of a Multivariate Density. Ann. Stat 1979, 7, 150-162.

206. Randles, R.H.; Fligner, M.A.; Policello II, G.E.; Wolfe, D.A. An Asymptotically Distribution-Free Test for Symmetry Versus Asymmetry. J. Am. Stat. Assoc. 1980, 75, 168-175.

207. Bhattacharya, P.K.; Gastwirth, J.L.; Wright, A.L. Two Modified Wilcoxon Tests for Symmetry about an Unknown Location Parameter. Biometrika 1982, 69, 377-382.

208. Randles, R.H. A Distribution-Free Multivariate Sign Test Based on Interdirections.

J. Am. Stat. Assoc. 1989, 84, 1045-1050.

209. Kendall, M.G.; Stuart, A. The Advanced Theory of Statistics. Volume 1: Distribution Theory, chap. 3, section 3.31. Fourth Edition, Charles Griffin and Co.: London, 1977.

210. Pearson, K., Contributions to the Mathematical Theory of Evolution,-II. Skew Variation in Homogeneous Material. Phil. Trans. Roy. Soc. London (A.) 1895, 186, 343-414.

211. Hotelling, H.; Solomons, L.M. The Limits of a Measure of Skewness. Ann. Math.

Stat. 1932, 3, 141-142.

212. Nichols, W.G.; Gibbons, J.D. Parameter Measures of Skewness. Commun. Stat.

Simul. Comput. 1979, B8, 161-167.

213. David, F.N.; Johnson, N.L. A Test for Skewness with Ordered Variables. Ann. Eugenics 1953-4, 18, 351-353.

214. David, F.N.; Johnson, N.L. Some Tests of Significance with Ordered Variables. J.

Roy. Stat. Soc. B 1956, 18, 1-30 (Discussion included).

215. Hogg, R.V.; Fisher, D.M.; Randles, R.H. A Two-Sample Adaptative Distribution- Free Test. J. Am. Stat. Assoc. 1975, 70, 656-661.

216. Finch, S.J. Robust Univariate Test of Symmetry. J. Am. Stat. Assoc. 1977, 72, 387-392.

217. Antille, A.; Kersting, G.; Zucchini, W. Testing Symmetry. J. Am. Stat. Assoc. 1982, 77, 639-646.

218. Smirnov, N.V. Sur un critère de symétrie de la loi de distribution d’une variable aléatoire. Compt. Rend. (Doklady) Acad. Sci. URSS 1947, 56, 11-14.

219. Butler, C.C. A Test for Symmetry Using the Sample Distribution Function. Ann.

Math. Stat. 1969, 40, 2209-2210.

220. Orlov, A.I. On Testing the Symmetry of Distributions. Theor. Prob. Appl. 1972, 17, 357-361.

221. Doksum, K.A. Measures of Location and Asymmetry. Scand. J. Stat. 1975, 2, 11-22. 222. Doksum, K.A.; Fenstad, G.; Aaberge, R. Plots and Tests for Symmetry. Biometrika 1977, 64, 473-487.

223. Filippova, A.A. Mises’ Theorem on the Asymptotic Behavior of Functionals of Empirical Distribution Functions and Its Statistical Applications. Theor. Prob. Appl. 1962, 7, 24-57.

224. Rothman, E.D.; Woodroofe, M. A Cramér-von Mises Type Statistic for Testing Symmetry. Ann. Math. Stat. 1972, 43, 2035-2038.

225. Srinivasan, B.; Godio, L.B. A Cramér-von Mises Type Statistic for Testing Symmetry. Biometrika 1974, 61, 196-198.

226. Hill, D.L.; Rao, P.V., Test of Symmetry based on Cramér-von Mises Statistics.

Biometrika 1977, 64, 489-494.

227. Koziol, J.A. On a Cramér-von Mises-Type Statistic for Testing Symmetry. J. Am.

Stat. Assoc. 1980, 75, 161-167.

228. Aki, S. Asymptotic Distribution of a Cramér-von Mises Type Statistic for Testing Symmetry when the Center is Estimated. Ann. Inst. Stat. Math. 1981, 33, 1-14.

229. Boos, D.D. A Test for Asymmetry Associated with the Hodges-Lehmann Estimator.

J. Am. Stat. Assoc. 1982, 77, 647-651.

230. Locke, C.; Spurrier, J.D. The Use of U-Statistics for Testing Normality Against Nonsymmetric Alternatives. Biometrika 1976, 63, 143-147.

231. Feuerverger, A.; Mureika, R.A. The Empirical Characteristic Function and Its Applications. Ann. Stat. 1977, 5, 88-97.

232. Csörgö, S.: Heathcotte, C.R. Testing for Symmetry. Biometrika 1987, 74, 177-184.

233. Shorack, G.R.; Wellner, J.A. Empirical Processes with Applications to Statistics.

Chap. 22: Symmetry. John Wiley and Sons: New-York, 1986.

234. MacGillivray, H.L. Skewness and Asymmetry: Measures and Orderings. Ann. Stat.

1986, 14, 994-1011.

235. Aki, S. On Nonparametric Tests for Symmetry. Ann. Inst. Stat. Math. 1987, 39, 457-472.

236. Nabeya, S. On Aki’s Nonparametric Test for Symmetry. Ann. Inst. Stat. Math.

1987, 39, 473-482.

237. Aki, S.; Kashiwagi, N. Asymptotic Properties of Some Goodness-of-Fit Tests Based on the L_1-Norm. Ann. Inst. Stat. Math. 1989, 41, 753-764.

238. Eubank, R.L.; LaRiccia, V.N.; Rosenstein, R.B. Test Statistics Derived as Components of Pearson’s Phi-Squared Distance Measure. J. Am. Stat. Assoc. 1987, 82, 816-825.

239. Rosenstein, R.B. Tests of Symmetry Derived as Components of Pearson’s Phi- Squared Distance Measure. Commun. Stat. Theor. Methods 1989, 15, 1617-1626.

240. Li, X.; Morris, J.M. On Measuring Asymmetry and the Reliability of the Skewness Measure. Stat. Prob. Lett. 1991, 12, 267-271.

241. Benjamini, Y.; Krieger, M. Concepts and Measures for Skewness with Data-Analytic Implications. Can. J. Stat. 1996, 24, 131-140.

242. Lancaster, H.O. Symmetry in Multivariate Distributions. Aust. J. Stat. 1965, 7, 115-126.

243. Mardia, K.V. Measures of Multivariate Skewness and Kurtosuis with Applications.

Biometrika 1970, 57, 519-530.

244. Malkovich, J.F.; Afifi, A.A. On Tests for Multivariate Normality. J. Am. Stat. Assoc.

1973, 68, 176-179.

245. Baringhaus, L.; Henze, N. Limit Distributions for Measures of Multivariate Skewness and Kurtosis Based on Projections. J. Multiv. Anal. 1991, 38, 51-69.

246. Smith, P.J. A Nonparametric Test for Bivariate Circular Symmetry Based on the Empirical CDF. Commun. Stat. Theor. Methods 1977, A6, 209-220.

247. Baringhaus, L. Testing for Spherical Symmetry of a Multivariate Distribution. Ann.

Stat 1991, 19, 899-917.

248. Kariya, T.; Eaton, M.L. Robust Tests for Spherical Symmetry. Ann. Stat 1977, 5, 206-215.

249. Isogai, T. On a Measure of Multivariate Skewness and a Test for Multivariate Normality. Ann. Inst. Stat. Math. 1982, 34, 531-541.

250. Oja, H. Descriptive Statistics for Multivariate Distributions. Stat. Prob. Lett. 1983, 1, 327-332.

251. Srivastava, M.S. A Measure of Skewness and Kurtosis and a Graphical Method for Assessing Multivariate Normality. Stat. Prob. Lett. 1984, 2, 263-267.

252. Blough, D.K. Multivariate Symmetry via Projection Pursuit. Ann. Inst. Stat. Math.

1989, 41, 461-475.

253. Ghosh, S.; Ruymgaart, F.H. Applications of Empirical Characteristic Functions in some Multivariate Problems. Can. J. Stat. 1992, 20, 429-440.

254. Heathcotte, C.R.; Rachev, S.T.; Cheng, B. Testing Multivariate Symmetry. J. Multiv. Anal. 1995, 54, 91-112.

255. Aki, S. On Nonparametric Tests for Symmetry in R^m. Ann. Inst. Stat. Math. 1993, 45, 787-800.

256. Mori, T.F.; Rohatgi, V.K.; Székely, G.J. On Multivariate Skewness and Kurtosis.

Theor. Prob. Appl. 1993, 38, 547-550.

257. Mori, T.F.; Rohatgi, V.; Székely, G.J. On Multivariate Skewness and Kurtosis. Publ.

Inst. Stat. Univ. Paris 1994, 38, 101-108.

258. Avérous, J.; Meste, M. Skewness for Multivariate Distributions: Two Approaches.

Ann. Stat. 1997, 25, 1984-1997.

259. Koltchinskii, V.I. M-Estimation, Convexity and Quantiles. Ann. Stat. 1997, 25, 435-477.

260. Koltchinskii, V.I.; Li, L. Testing for Sperical Symmetry of a Multivariate Distribution. J. Multiv. Anal. 1998, 65, 228-244.

261. Koltchinskii, V.I.; Sakhanenko, L. Testing for Ellipsoidal Symmetry of a Multivariate Distribution. Progress in Probability 2000, 47, 493-510.

262. Székely, G.J.; Mori, T.F. A Characteristic Measure of Asymmetry and Its Application for Testing Diagonal Symmetry. Commun. Stat. Theor. Methods 2001, 30, 1633-1639.

263. Marola, G. On the Detection of the Axes of Symmetry of Symmetric and Almost Symmetric Planar Images. IEEE Trans. Pattern Anal. Machine Intell. 1989, 11, 104-108.

264. Masuda, T.; Yamamoto, K.; Yamada, H. Detection of Partial Symmetry Using Correlation with Rotated-Reflected Image. Patt. Rec. 1993, 26, 1245-1253.

265. Bonneh, Y.; Reisfeld, D.; Yeshurun, Y. Quantification of Local Symmetry: Application to Texture Discrimination. Spatial Vision 1994, 8, 515-530.

266. Cham, T.-J.; Cipolla, R. Symmetry Detection Through Local Skewed Symmetries.

Im. Vision Computing 1995, 13, 439-450.

267. Köhler, A.E. A Fuzzy Symmetry Concept. Computers Math. Appl. 1991, 22, 35-50. 268. Köhler, A.E. A Second Approach to Fuzzy Symmetries: Fuzzy Symmetry Requirements. Computers Math. Appl. 1993, 25, 17-34.

269. Köhler, A.E. Crisp and Fuzzy Motif and Arrangement Symmetries in Composite Geometric Figures. Computers Math. Appl. 1994, 27, 67-87.

270. Köhler, A.E. De Triangularitate Quadranguli or Symmetry Regions and Symmetry Centroids of Geometric Figures. Computers Math. Appl. 1997, 34, 95-121.

271. Köhler, A.E. Fuzzy Symmetries of Point Ensembles. Computers Math. Appl. 1999, 37, 89-113.

272. Marzec, C.J. The Morphogenesis of High Symmetry: The Symmetrization Theorem.

J. Biol. Syst. 1999, 7, 159-211.

273. Zusne, L. Measures of Symmetry. Percept. Psychophys. 1971, 9[3B], 363-366. 274. Yodogawa, E. Symmetropy, an Entropy-Like Measure of Visual Symmetry. Percept.

Psychophys. 1982, 32, 230-240.

275. Johnson, M.A. A Review and Examination of the Mathematical Spaces Underlying Molecular Similarity Analysis. J. Math. Chem. 1989, 3, 117-145.

276. Maggiora, G.M.; Petke, J.D.; Mestres, J. A General Analysis of Field-Based Molecular Similarity Indices. J. Math. Chem. 2002, 31, 251-270.

277. Rachev, S.T.; Rüschendorf, L. Mass Transportation Problems, vol.I: Theory. Probability and its Applications, Springer-Verlag: New-York, 1998.

278. Rosen, J. Symmetry in Science. An Introduction to the General Theory. Chap. 6.1.

Springer-Verlag: New-York, 1995.

279. Lin, S.-K. Correlation of Entropy with Similarity and Symmetry. J. Chem. Inf.

Comput. Sci. 1996, 36, 367-376.

280. Lin, S.-K. The Nature of the Chemical Process. I. Symmetry Evolution - Revised Information Theory, Similarity Principle and Ugly Symmetry. Int. J. Mol. Sci. 2001, 2, 10-39.

281. Chauvin, R. Algebra of Stereogenic Pairing Equilibria. 3. Chiral Discrimination. J.

Phys. Chem. 1992, 96, 4706-4711.

282. Chauvin, R. Entropy in Dissimilarity and Chirality Measures. J. Math. Chem. 1996, 19, 147-174.

283. Jahn, H.A.; Teller, E. Stability of Polyatomic Molecules in Degenerate Electronic States. Proc. Roy. Soc. London, Series A 1937, 161, 220-235.

284. Donoghue, J.F.; Golowich, E.; Holstein, B.R. Kaon Decays and a Determination of a Scale of Chiral Symmetry. Phys. Rev. D 1984, 30, 587-593.

285. Avnir, D.; Zabrodsky Hel-Or, H.; Mezey, P.G. Symmetry and Chirality: Continuous Measures. Encyclopedia of Computational Chemistry, vol. 4, pp. 2890-2901. Ed. Paul von Ragué Schleyer, Wiley: Chichester, 1998.

286. Sokolov, V.I. Geometric Theory of Chirality. J. Struct. Chem. 1985, 26, 489-493.

© 2003 by MDPI (http://www.mdpi.org). Reproduction for noncommercial purposes permitted.